INTERNATIONAL 
ECONOMIC 
REVIEW 


CONTENTS 


The Effect of Price Changes on the Demand and Supply 
of Separable Goods Masazo Sono 289 
A Historical Note on Professor Sono’s Theory of Separability 
Michio Morishima 272 
The Structure of Multi-Sector Dynamic Models 
Dale W. Jorgenson 276 
The Structure of Multiplier-Accelerator Models of the 
United States Economy, 1909-1951 
R. J. Bali and Eugene Smolensky 294 
Income Elasticity of Public Education Werner Z. Hirsch 330 
A Test of the Constancy of Input-Output Coefficients 
among Countries Teunehiko Watanabe 340 
Note on Convenient Matrix Notations in Multivariate 
Statistical Analysis and in the Theory of Linear 
Aggregation T. Kloek 351 
Durability of Capital and Rate of Growth of National 
Product Leif Johanser: 361 
The Elasticity of Demand for Imports with Close but 
Imperfe;: Substitutes W. M. Gorinan 371 


Published by 
THE KANSAI ECONOMIC FEDERATION, OSAKA 








INTERNATIONAL ECONOMIC REVIEW 


Published by the Kansai Economic Federation with 
the Collaboration of the Wharton School of Finance and Commerce, 
University of Pennsylvania, and the Institute of Social and 
Economic Research, Osaka University. 


CHIEF EDITOR CO-EDITOR 
L. R. KLEIN M. MORISHIMA 

Department of Economics, The Institute of Social 
Wharton School of Finance and Economic Research, 
and Commerce, University Osaka University, 

of Pennsylvania, Toyonaka, Osaka, 

Philadelphia 4, Pa., Japan 
U.S.A. 


ASSOCIATE EDITORS: 


. ALLats (Ecole Nationale Supérieure des Mines de Paris, France) 
. M. BRowN (Royal Military College, Canada) 

DeBREv (Yale University, U.S.A.) 

. M. GoopwIn (Peterhouse, Cambridge, U.K.) 

H. HAgN (Churchill College, Cambridge, U.K.) 

HANSEN (Konjunkturinstitutet, Sweden) 

Huewicz (University of Minnesota, U.S.A.) 

PATINKIN (The Hebrew University, Israel) 

N@RREGAARD RASMUSSEN (University of Copenhagen, Denmark) 
S. R. Sastry (Reserve Bank of India, India) 

H. Srrotz (Northwestern University, U.S.A.) 

. W. SWAN (Australian National University, Australia) 

. THEIL (Netherlands School of Economics, Holland) 


MHA ZVOP MW OWE 


BUSINESS OFFICE OF THE INTERNATIONAL ECONOMIC REVIEW: Kansai Economic Federativa, 
Osaka Building, Soze-cho, Kita-ku, Osaka, Japan. 


Copyright © 1961 by Kansai Economic Federation. 


Printed by Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 
No. 6, 2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan. 








INTERNATIONAL 
ECONOMIC 
REVIEW a a ee 





THE EFFECT OF PRICE CHANGES 
ON THE DEMAND AND SUPPLY OF SEPARABLE GOODS* 


By Masazo Sono 
1. STATEMENT OF THE PROBLEM 


IN THIS PAPER I shall examine the effect of a change in the price 
of one commodity on the quantities of ‘‘separable goods’’ exchanged 
in equilibrium. I was led to this inquiry by doubts about Hicks’ def- 
initions of substitutability and complementarity among commodities.’ 
He divided the change in the demand and supply of one commodity, 
which results from a change in price of another commodity, into an 
income and a substitution effect. Hicks called the two terms in his 
equation which measure these effects the ‘‘income term’’ and the 
“substitution term,’’ respectively, and distinguished substitutability 
and complementarity between the two commodities by the positive or 
negative sign of the latter term.’ 

The following questions then arose: (i) Is it not possible that two 
commodities, originally substitutes for each other, may become com- 
plementary when the number of commodities in the preference field 
changes? If so, what causes this phenomenon? (ii) Hicks did not 
specify the good undergoing a price change. The same definition, 
therefore, might well be applied to an independent good; is this ad- 


* Professor Masazo Sono’s paper on the separability of goods in the theory of consumer 
behavior was first published in Japanese in Kokumin Keizai Zasshi, LXXIV (1945), 1-51. 
This work anticipates similar studies published later in the English language. The editors 
consider Sono’s paper to be a work of great merit in economic theory, unfortunately not 
available to English language readers. We are, therefore, publishing it at this time in 
translation, together with a historical note on the subject matter by Professor Morishima. 
The translating of this paper was supported by the Ford Foundation as part of a project 
for promoting the translation of Japanese economic studies. The translator is K. Sato 
of Osaka University. 

1 J. R. Hicks, Value and Capital, (Oxford: Oxford Univ. Press, 1939); Theorie math- 
ématique de la valeur, (Paris: Hermann, 1937). 

2 In the 1937 book Hicks stated his definitions in terms of elasticities, with analogous 
criteria for substitutability and complementarity. 
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missible? (iii) According to Hicks, the sign of the substitution term 
largely determines the sign of the total effect of a price change on 
demand. How strong can this influence be? 

These were my original questions. I have somewhat expanded the 
problem in order to examine the effect of price changes on the demand 
and supply of separable goods. The present inquiry will try to ascer- 
tain the suitability of Hicks’ definitions of substitutability and com- 
plementarity. 

Let us now give a brief, if incomplete, definition of ‘‘separable 
goods.”” Commodities A, B, C, etc. are called ‘‘separable’’ from com- 
modity X if the order of the values of preference (i.e., the Pareto 
indices) corresponding to various amounts of commodities A, B, C, etc. 
is independent of the quantity of commodity X. 

Assume that a number of commodities which are at exchange equi- 
librium for an individual can be divided into two groups, and that the 
commodities in the second group are separable from those in the first. 
If all or some of the commodities in the first group are excluded from 
the preference field, there will be changes in the equilibrium quantities 
of the commodities in the second group. Money income can, however, 
be so adjusted as to leave the equilibrium quantities unchanged both 
before and after the exclusion of the first-group commodities. (See Sec- 
tion 2.4.) This I call the ‘‘point of common equilibrium.’’ On the 
basis of the existence of this point of common equilibrium, I have 
examined the effect of a change in the price of one commodity on the 
equilibrium quantities of separable goods and have derived certain 
‘laws of proportionality,’’ which are given below. 

Let the adjective ‘‘general’’ denote the case where commodities in 
the first group are included in the preference field, and the adjective 
‘‘proper’’ denote the case where they are excluded. Then we have 
the following propositions: 

(1) The ‘“‘general’’ propensities to consume separable goods are 
proportional to the respective ‘‘proper’’ propensities to consume them 
(at the point of common equilibrium), (see Section 2.5 below), where 
the propensity to consume X is the rate of change in the equilibrium 
quantity of X with respeet to changes in money income, i.e., the dif- 
ferential coefficient of the equilibrium quantity of X with respect to 
money income. 

(2) When there is a change in the price of one of the (separable) 
commodities of the second group, the difference between the ‘‘general’’ 
and ‘“‘proper’’ effects on the equilibrium quantity of each separable 
good is proportional to the ‘‘proper’’ propensity to consume it (at the 
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point of common equilibrium). This ratio is equal to the rate of 
change in the total expenditure on commodities of the second group 
as a whole with respect to the change in price of a separable com- 
modity. (See Section 3.8.) 

(3) Similarly, the difference between the ‘‘general’’ and ‘‘proper’”’ 
substitution terms is proportional to the ‘‘proper’’ propensity to con- 
sume (at the point of commen equilibrium). (See Section 3.8.) 

The substitution term will in general differ, possibly even in sign as 
the example in Section 3.9 illustrates, according as the commodities 
of the first group are present or absent from the preference field. 
We must thus reconsider the suitability of Hicks’ defining substitu- 
tability and complementarity according to the sign of the substitution 
term. 

In examining the substitution effect, Hicks considered the substitu- 
tion of goods which leaves the value of the ‘‘general’’ preference 
function unchanged. But if we make a slight change in our definition 
of ‘substitution’? and consider a substitution of goods such that the 
value of the ‘‘proper’’ preference function remains unchanged, then 
the substitution effect in this case always coincides with the ‘‘proper’’ 
substitution effect (commodities of the first group being excluded), 
whether or not the commodities of the first group exist. (See Section 
3.6.) The sum of the ‘‘proper’”’ income effect and the ‘‘proper’’ sub- 
stitution effect is equal to the change in the equilibrium quantity. In 
other words, the ‘‘general’’ substitution effect can be divided into two 
parts, one of which is the ‘‘proper’’ substitution effect; the other, 
together with the ‘‘general’’ income effect, constituting the ‘‘proper’’ 
income effect. (See Section 3.7.) 

(4) When the price of a commodity belonging to the first group 
changes, the rate of change in the equilibrium quantity of a separable 
good belonging to the second group and its substitution term are pro- 
portional to the ‘‘proper’’ propensity te consume this separable good 
(at the point of common equilibrium). The ratio of the rate of change 
in equilibrium quantity to the ‘‘proper’’ propensity to consume equals 
the rate of change in expenditure on commodities of the second group 
as a whole with respect to the change in price of a commodity in the 
first group. (See Section 3.4.) 

The proportions listed above are not necessarily positive. In (4), for 
example, the effect of a price change on the equilibrium quantity of 
a separable good and its substitution term are proportional to each 
other, but the proportion need not be positive. Hence, the two may 
take the same or opposite signs for all the commodities in the second 
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group. 

When the price of a commodity independent of the other commodities 
changes, it is very simple to ascertain the signs of the proportion.’ 
We have then the following results: 

(5) The sabstitution term of each commodity (except the commodity 
undergoing a price change) has the same sign as the ‘‘proper’’ propen- 
sity to consume it (at the point of common equilibrium). (See equation 
(54) below.) The substitution term of a superior good is always positive, 
while that of an inferior good is always negative, as long as the 
commoility whose price changes is independent of other goods. (The 
definition of a ‘‘superior’’ or ‘‘inferior’’ good presumes the exclusion 
of the independent good.) This conclusion demonstrates that Hicks’ 
definitions of substitutability and complementarity according to the 
sign of the substitution term cannot be applied to independent goods. 

(6) The effect of a change in the price of one good on the equi- 
librium quantity of every other good has a sign opposite to the 
‘proper’ propensity to consume it (at the point of common equilibrium) 
if the elasticity of the rate of substitution of the aforementioned good 
for each other good is greater than unity; it has the same sign if the 
elasticity of rate of substitution is less than unity. (See equation 
(53).) 

(7) The rate of change in expenditure on an independent good in 
response to a change in its own price is positive or negative according 
as the above mentioned elasticity is greater or less than unity. (See 
equation (51).) Here the definition of the rate of substitution is 
Hicks’, and elasticity of substitution is defined in the usual way. In 
the case of an independent good, this elasticity is determined solely 
by the equilibrium quantity of the independent good, and the equilib- 
rium quantities of other goods are irrelevant. Therefore, the elastic- 
ity of the rate of substitution for any other good takes the same 
value. (See Section 5.1.) 


2. SEPARABILITY OF GOODS 


2.1. The Definition of Separable Goods. Let 7x,, ,, +++, 2, denote 
quantities of goods X,, X,, ---, X,, and P(z,, x,, +++, Z,) an individual’s 
preference function. We shall call the partial derivative 0p/dx,J = 9,] 


* By an independent good we mean a good such that its marginal degree of preference 
(the partial derivative of the preference function with respect to this good) is independent 
of other goods. The definition in no way implies that the use of an independent good 
is completely unrelated to the use of other goods. The definition is derived only from 
certain properties of the preference function. (See Section 4.1.) 








DEMAND AND SUPPLY OF SEPARABLE GOODS 243 


the marginal degree of preference of good X; and 9,dz, the marginal 
value of preference. The ratios of the marginal degree of preference 


Pi: Pai *** Pr 


are invariant with respect to the choice of function 9, given the 
quantities of goods, but are not independent of the unit of measure- 
ment of the ws. The ratios of the marginal values of preference, 
however, 


PAz,: Pty: +++ > PydLy 


are invariant with respect to changes in the unit of measurement as 
well as with respect to changes in the function @ chosen. 

When the ratios of the marginal values of preference for any given 
quantities of commodities, X,.,, Xi1., ++, X, are independent of the 
quantity of another commodity X;(1 S73 1), i.e. when 


7] P dz j 
eni\=0, iat 
we (344) = }=t+1t+2, a - 


commodities X,,,, Xis., ***, X, are called separable from commodity 
X;. The necessary and sufficient conditions for separability are 








Prsis Pisani Pri PP 
( 1 ) __ itis — t4+2.4 — sooo = ni ’ (%, = ) 4 
Pris Pits Pr : 02 ,0% 


since 





2 - (22: ) a (PiPu — Pu Ps Az; ; 
Ox; \P,du, Pidxz, 

Denoting the value of the ratios (1) by »,, we obtain 

(2) Prtr.t = VP ite r=1,2,+++,n—1; 
vy; is, in general, a function of 2,, %, +++, %q. 


2.2. Properties of Separable Goods. PROPOSITION 1. Let there be 
two sets of quantities of the commodities 


(8) (ai, Wa, °° %, Lip isry °° %, We), 
(i, Voy °%%, Vip Liss o*%, Ze), 
such that 
(4) P(X, Bi, 29%, i, Liss 2% %, Le) = P(Mi, Lh, 29%, Vi, Lia, 2%%, Be) 


If commodities X,,,, Xiss, +**, X_ are separable from X; (i = 1,2, «++, 
1), then this equality always holds whatever values X; may take. 
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Proor: By (2), 


a—l a—! = 
(5) i } aA Pre} = i Prise Ahir, = VY, oe Pre} , 


Ox; r=1 r=1 r=1 


hence 


a-l nl 
mal ) BE Pride =0 if > Pir Bix, = 0." 


PROPOSITION 2. For a given set of quantities of commodities X,, 
X,, «++, Xi, (Ui, Li, +++, 2), choose any two sets of quantities of com- 
modities Xisi Xissy pees. Xn 

(Zi+a» Visar ***s v1) and (ita Vises ***, xn) ’ 
which satisfy equality (4). If this equality holds for any amount of 
commodity X,, then commodities X,,,, Xiss, +**, X_, are separable from 
Xe 

The proof is omitted. The converse of Proposition 1 also holds. 
This allows us to adopt Proposition 1 as the definition of separable 
goods. 

PROPOSITION 3. Let there be two sets of quantities (3), such that 
(6 ) P(2}, Las agen Li» Lis+w aie x) > P(x, Xs, ne Oy Zi, Lis ate zn) . 

If commodities X,.;, Xisa, ***, X_ are separable from X; (i =1, 2, 
-++, Ll), then this inequality always holds whatever values commodity 
X,; may take. 
Proor: To simplify notation, let 7=1. Assume, for a certain 
value z}’ of z,, that 
P(xy', Li, [on Li, Visi “ore 2’) s P(x’, Xs, ani. Li, Dit» eos, xi’) ° 
Then, when the value of x, moves from z; to 2’, it must pass through 
an intermediate value %, such that 
P(z,, Ly a Lis Lisi oT te zi) = P(Z,, Lay ors, Li, Zi +1 7 Ge x) . 
It follows then from Proposition 1 that inequality (6) should be an 
equality, contrary to our assumption. 


2.3. The ‘“‘Proper’’ Preference Function. Let n commodities be 
divided into two groups, and assume that commozlities X,.,, X,.., +++, 
X, of the second group are separable from each of the commodities 
X,, X;, «++, X, of the first group. Then, according as 


* Throughout this paper it is assumed that the preference function is continuous every- 
where and that its first and second partial derivatives are also continuous. 





DEMAND AND SUPPLY OF SEPARABLE GOODS 245 


P(x, %3, yas a” Li, Lisi te xi,) = P(x, Xs, ete Xi, Visa re ghd x) 
for the two sets of quantities in (3), 
(7 ) P(x, Ha, ° °°, Xi, Chas adie! i) = P(2,, Va, °°*, Ly, Cia “Te, xy) 


for any values of 2,, %,, +++, %,, aS a consequence of Propositions 1 and 
8. Thus, if fixed values a,,a,,+++,a@, are assigned to 2, 2, +++, 2, of 
the first group, and if we put 


(8) (Xi41, ee ©) _ P(a,, Gy, °° *%, Ay, Visi, 2° %, ©.) ’ 


we obtain 
(Lisr +4 vi) = 1 Cee rat, xy) 


from the inequality (7) and vice versa. 

We can let 7 represent the preference function of the commodities 
Xisi, Xt) ***, X, Of the second group when the commodities of the 
first group are excluded from the preference field. We call this the 
‘““nroper’’ preference function (of X,,,, Xiia, +**, X,)- 

We can now express 7 as a function of 7 and 2,,2,,+++,2%,. Let 
%,, Z,, +++, %,,% be an arbitrary set of values of 2,,%,,+++,%,, 7, and 
let 

Lisa» reg x;) = va 1 and 1 2i'-15 isl x.) —_ 7 . 
Then, from (8), 
P(a,, e°*, Qi, View ary ',) = P(a,, ee*, dQ, Vis ae £2) ’ 
and, therefore, 
P(z,, 00°, 21, Liaw [ee x.) = P(z,, eo+, 21, Litas ores xt) . 
Only one value of 7 is determined corresponding to the arbitrary set 
of values 7,, %,, --+,%,,7; therefore, p is a function of these variables. 

We can thus conceive of a ‘“‘proper’’ preference -function for com- 
modities X,.,, Xi1:, ***,%», Which are separable from each of the 
commodities X,, X,, «++, X,;; we can then construct a ‘‘general’’ pref- 
erence function from the ‘‘proper’’ one and the quantities of the 
other commodities X,, X,, ---, X,. This, however, is possible only when 
commodities are separable. 

2.4. Point of Common Equilibrium. Let p,, p,, +++, p, denote the 
prices of commodities X,, X,, «++, X,; @, @, +++, @, denote the individ- 
ual’s initial holdings of these commodities; and @ denote his initial 
stock of money. We take for the budget equation, 


(9) p(x, — &,) + p(x, — &) + +++ +7,(%,-—a,) =a. 
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The conditions for a maximum of the preference function subject 
to the condition (9) are 


(10) .. ep . weeps, “ee 


a 


Py; DP; Ps 


These are the equations of individual exchange equilibrium and, to- 
gether with (9), determine the equilibrium quantities of commodities 
exchanged by the individual’. Denoting the value of the ratios (10) 
by », we obtain 

(11) PP, = rD;, 4=1,2,-++,n. 


We assume, as before, that commodities X,,,, X,,,, +++, X, of the 
second group are separable from commodities X,, X,, +--+, X, of the 
first group. The preference function — can then be expressed as a 
function of the ‘‘proper’’ preference function 7 and of the quantities 
of the commodities of the first group, i.e., 


Pp = f(x, Da, °° *%, Ly )). 
For j >l, 


= 7, £ h ws 2. 
P; Noy? where 1; Ox,” 


Hence, the latter part of equations (10), 


Pin = Pn =... = Po, 
Pi+i Pits Ps 
can be rewritten as 
(12) Diss = Disa SBece Dn 6 
Piss Pita Ps 


In other words, the marginal degree of preference of each commodity 
in the proper preference function is proportional to its price at the 
point of equilibrium. 

Let the quantities of commodities X,, X,, ---, X, exchanged in equi- 
librium [i.e., the solutions of simultaneous equations (9) and (10)] be 
Z,,%,,+**,%,, and put 


(18) a — p(%, — a) — p,(%, — &) — +--+ —p,(%,-a) =m, 


* Throughout the present paper we asseme that the preference function has indifference 
surfaces convex to the origin, i.e.. that the stability conditions are always satisfied in 
Hicks’ sense for the equilibrium -: individual exchange. Also, unless otherwise stated, 
the marginal value of preference is not assumed to be constant. 
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where m is the total expenditure on the commodities of the second 
group. Obviously, the values 


(14) Bis Lisa “ie ae Zz. 
satisfy the equation 
(15) Dua s(Sinr — Oras) + DasalViag — Bas) + +++ + (2, —a,)=m 


and (12) simultaneously. In other words, the values (14) of 2,;, 2:43, 
+++, 2, maximize the proper preference function 7 subject to the con- 
dition (15). Spelled out, this means that the values (14) show the 
equilibrium quantities of commodities of the second group, when all 
the commodities of the first group are excluded from the preference 
field, and only commodities of the second group are left to choice, m 
being the initial holding of money. Thus we find that even if some— 
not all—of the commodities of the first group, from which the second 
group are separable, were excluded from a consumer’s preference field, 
he would buy the same quantities of separable commodities as before 
if there is a proper adjustment of his initial holding of money.’ This 
property plays a basic role in the examination of the effect of price 
changes on the equilibrium quantities of separable goods. 


2.5. The Propensity to Consume Separable Goods: The Law of 
Proportionality. Let us call 0x,/0a@ the propensity to consume X;, 
with respect to money income. If the initial holding of commodity 
X, alone changes, the marginal propensity will be denoted as dz,/da,. 
It is obvious that the relationship between these two marginal pro- 
pensities is 


(16) 1 Oe; _ Oe jg =1,2,-++,n. 
Pp, 9a, 0a 


We assume, as before, that the commodities of the second group 
are separable from those of the first group. We then compare the 
propensities to consume commodities of the second group at the point 
of common equilibrium both with and without the commodities of the 


® Take 
2 = OCB ys Bas +++» By Visas *** > Be) 

for the ‘‘proper” preference function of the commodities of the second group. Then, at 
the point of common equilibrium, 

MU Ziars Lieer °° *r Sn) = OZ, Bq, ***, Eq), 

MHZ tars Biags °° *> Sn) = GtHSyr Ber ***> Zn)» i, g=l+1,14+2,--+,n. 
It follows directly that the stability conditions are satisfied by the “‘proper’’ preference 
function at the point of common equilibrium if they are satisfied by the ‘‘general’’ pref- 
erence function. 
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first group in the preference field. First, we rewrite equation (9) as 
(17) P(x, — &,) + p(%,— &) +++ +p(2,-a) =P, 
(18) Prss(Li+s — Biss) + DrslSiss — Bar) + oe? + 7,(%,-—a,) = 7, 


where 8+7=a. Differentiating equation (18) and the general equi- 
librium equations 


(19) Prise = MDise » r=1,2,++-,n—l, 


with respect to a, we obtain 

















02,4 x oy 
20 t+ +2 eee — = —, 
(20) Piss Ba 1+ Diss Ba + +p, 2 = a 
Or 
(21) —Pune = oo + Prtes a + Pises — os + 92 + Pres a 
+ Priester Om r+1 + eee + Pir On =0 , 
0a da 


r=1,2,+++,n—L. 


Since the commodities of the second group are separable from those 
of the first group, we also obtain from (2) 


(22) Prise. = VP ite » r=1,2,---,n—Il, and i=1,2,-++,l, 
Transforming the first line of equation (21) by (19) and (22), we obtain 


(23) — Pris -»D» Yj oe aL) + Fs Pirate as as 





r=1,2,++-,n—l. 


To examine the proper propensities to consume, i.e., the propensities 
to consume when the commodities of first group are excluded from 
the preference field, we take 


- P(z,, %, oe Zi, Vita ***, &,) 


(as given in footnote 6) for the ‘‘proper’’ preference function of the 
commodities of the second group, m in (13) for money income, and 4 
for the value of the ratios (12), i.e. 


(24) Nite = UDite » r=1,2,-+-,n—l. 


Differentiating (15) and (24) with respect to m, we obtain 
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Ox 
Pas zit] + pool St | + “ati + p,[ 2] =1, 

















a n—l 
—Di+ SE) + Fo Msrre| te | = 0, r=1,2,++-,n—l, 


where the ‘‘proper’’ propensities to consume are shown in brackets to 
distinguish them from the ‘‘general’’ propensities to consume. Since 


Nitette = Prtv.tts 


at the point of common eguilibrium; we can write the preceding equa- 


tions as 
P.] + pd Su] +. [22] = 
ivf am. + Diss am + + D. — =1, 








(25) 





a—l 
— Pus | + D Prvrae] Ze | =0, r=l1,+++-,n—l. 


From the stability conditions we know that the determinant composed 
of the coefficients of these simultaneous equations is nonzero. There- 
fore, a2 comparison of (25) with the simultaneous equation systems (20) 
and (23) readily produces the relations 











Ox i+» On Ox; 

0a = [ Sue] da of he 6a = [24] 
OY am J’ Oy 8m J’ 
da da 


which in turn lead to 











O20 141 OL ,45 d<,, 25 : ox; 
a Oe i 2s ba _ oy 
[2+] [ Ms | [ ozs. | [ ou ] 6a” 
am om dm dm 


We can thus state a law of proportionaliy of propensities to consume 
separable goods: The ‘‘general’’ propensities to consume separable 
goods X11, Xis., ***, X, are proportional to the “‘proper’’ propen- 
sities to consume them (at the point of common equilibrium).’ 

It must be noted that the ‘‘general’’ and ‘‘proper’’ propensities to 
consume a commodity have the same sign if the ratio 0y/éa@ is positive 
in the equations (26), while they differ in sign if @y/0a is negative. 
y is the total expenditure (or the total revenue, if negative) on the 


7 The law of proportionality also holds when only some of the commodities of the first 
group are excluded from the preference field. 
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commodities of the second group as a whole. 4y/da represents, there- 
fore, the maginal rate of expenditure on separable goods, i.e., the rate 
of change in expenditure with respect to a change in money income. 
Thus, if the marginal rate of expenditure is positive, a good which 
is superior or inferior in one case will remain so in the other. But 
if it is negative, a superior good in one case will become inferior in 
the other and vice versa. 


8. THE EFFECT OF PRICE CHANGES AND 
THE LAWS OF PROPORTIONALITY 
3.1. The Slutsky Equation. The effect of changes in the price of 


one commodity on demand and supply of other commodities can be 
studied by examining the sign of each term in the Slutsky equations 


(27) pte = (% — a) + oy, 
or 





(28) * — (@% — 0%) + oy. 
a 


op, 

The first term on the right of (27) shows the effect on equilibrium 

quantities of X; of a change in money income, a, with prices held 

constant. Hicks called this term the income term. He called the 

second term on the right the substitution term, and defined goods X, 

and X, to be substitutes if 7,, > 0 and complements if o,,<0. We 
obtain 


On = Penis | andy = MPs , 
where 
0 DP, nace DP. 
D=- Pi Pu °°? Pis ; 


Pa Pu°**? Pas 


and D,, denotes the cofactor of the i-th column, j-th row element. 


3.2. The Income Term and the Income Effect. In order to dis- 
tinguish various equilibrium positions, we shall call the equilibrium 
determined by equations (9) and (11) the initial equilirium. The 
equilibrium reached when the price of a commodity X, has been sub- 
jected to an infinitesimal change dp,, all other prices and all initial 
holdings of goods and money remaining unchanged, is called the second 











DEMAND AND SUPPLY OF SEPARABLE GOODS 251 


equilibrium. The change in the equilibrium quantity of X;, when the 
equilibrium shifts from the initial to the second position, is given by 


[i] dz, = —(x, — a)" dp, + ondps, é = 1,2, 00, ”. 
For the third equilibrium we consider the equilibrium reached when 


money income and initial holdings of goods make infinitesimal changes 
to 


a+ da, a, + ba, +++,a, + da, , 


while all prices remain unchanged. The equilibrium quantity of X; 
changes to x; + 5z;. 

When the equilibrium moves from the initial to the third position, 
the value of the preference function will change by 


Sp = P,bx, + POX, + +++ + P52, , 


and when it shifts from the initial to the second position, the change 
will be 


dp = pdx, + P,dx, + +++ + P,dz,. 
Suppose now that 459 and d@ are equal, i.e., 
9,(da, — dz,) + p,(dx, — dx,) + +++ + 9,(8x, —dz,)=0. 
This, together with (11), leads to 
[ ii] p,(dx, — dxz,) + p,(dx, — dx,) + +--+ + p,(dz, — dz,)=0. 
But from (9), 
p,(dz, — da,) + p,(dx, — da,) + +++ + p, (da, — da,) = Sa 
(third equilibrium), 
pdx, + p,dz, + +++ + p,dz, + (x, — a,)dp, = 0 
(second equilibrium). 
Thus, 


Sa + >> pa, = —(x, — a,)dp, . 


This equation represents the total income effect. The change in the 
equilibrium quantity of X; from the initial to the third position (i.e., 
the income effect) is given by 


wo sa, = et 80 +Dop, 2 bar, - 





Ox; ~ 
ae cal 
bz; = Far sa + Lu ~ 
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using (16). Finally, we have 


ba; = { 8a + Lu pba, | 72 = —(%, — a,) 72 dp, ® 


which is nothing but the first term on the right hand side of [i ]. 


3.3. The Substitution Term and the Substitution Effect. For the 
fourth equilibrium we consider infinitesimal changes in the initial 
holdings of money and all goods, da, 5a,, --- , da@,, and a change dp, 
in the price of X,. The equilibrium vaiues in the new position are 
represented by 


x, + da,, 2, + 5x,, +++, 2, + du,,r + dr. 
The value of the preference function will change by 
bp = 7,5n, + P,du, + +++ + P52, 


when the equilibrium moves from the initial to the fourth position. 
Substituting (11) into this last expression, we obtain 


[iii] dp = Mp,da, + pdx, + +++ + p,d%,). 
On the other hand, from (11), it follows that 


[iv] — pdr + ¥ 9,82, = 0p, , 4 = Ad 2, eee, Ss. 
Let the value of the preference function be unchanged when the equi- 
librium shifts from the initial to the fourth position, i.e., 59 = 0. 
Then, from [iii], 


[v] p,da, + p,da, + +++ + pda, =0. 
From equations [iv] and [v] we easily find that 


bz; = 0;,dp, , j =1,2,++°,n. 


This is the substitution effect of price change on X;, which coincides 
with the second term on the right hand side of [i ]. 


3.4. Price Changes of Unclassified Goods: A Law of Proportion- 
ality.* In this section we examine the effect of price changes of 
the commodities of the first group, i.e., unclassified goods, on equilib- 
rium quantities of commodities of the second group. Let the price 
of good X, change while all other prices and initial holdings of all 
goods are kept unchanged. Then, it follows from (18) and (19) that 


* Translator’s note: Unclassified goods are those of the first group. They have not 
been classified as separable goods, but they may or may not be separable. 
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62,. O24 0x, oy 
29 Lt Dy ett vee + Dy ; 
(29) Pits ap, Pisa ap, p Op, ~ “op, 
etme azn, eae Ox, 
| Se ap, + P+. Op, + Pre, 7 a dp, + + Prise t ap, 
(80) 0 Ox 
+ Prse.tes Ti tee + Dy, * = 0, r=1,2,++-,n—l, 
Op, Op, 


From (19) and (22), 
Prise = VP tte = Wire - 


Substituting into the first line of (30) above, we obtain 





0244, 
(31) — Piva — oy j = =} + So Piseate > =0, 


r=1,2,+--,n—l. 


From a comparison of the simultaneous equation system (29) and (31) 
with that of (20) and (23) if follows that 


» v8 oy = 0S vy ot 






































aa j Op, _ da 0a 
oY on 
Op, 0a 
O24, 02,4. 
op, 0a 
= s8=1,2,+++,n—l. 
ay oy 
op, da 
Reformulating, we obtain 
O24; O24 ox, 
a See 
02541 OLi4s 0x, 
da 0a 0a 
(32) . é - 
» L 5 
— -r~’D»y-+ 
— 9D, "op, _ op, 
Ox; ay 
a! § pA 
Qos da da 


Adding (x, — @,) to each of these ratios and considering (27) and (28), 
we get 
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On — xu VF x, 














(38) iY pe 2 ae — On ; 
O2 441 OX s+ Ox, ON aif » v, ox; ao 
da 6a 6a 0a ; 6a 6a 
where 
ay al 
= — —a x 
(34) mete + (a, Va 


This last equation (34) is the substitution term in the expression for 
the rate of change in the total expenditure on the commodities of the 
second group in response to a change in the price of X,. 

It follows also from (82) and (33) that 











92441 0244: 0x, or On; oy 
—— —<< aus y* Vv a 
(35) OD, = 5p, Seee = OD, = Op, ~ : Op, = OD, - 
Frisia Pisa On3 On —% te V;O 5 Oy 


These equations refer to changes i: the price of X,, but similar results 
also hold for any one of goods X,, ---, X, of the first group. On the 
other hand, the propensity to consume a separable good is proportional 
to the “‘proper’’ propensity to consume associated with it. We there- 
fore obtain the following law of proportionality of separable goods 
with respect to changes in the prices of unclassified goods: The rate 
of change, as well as the substitution term, of the equilibrium quan- 
tity of a separable good in response to a change in the price of an 
unclassified good is proportional to the ‘‘proper’’ propensity to con- 
sume the separable good (at the point of common equilibrium). 

It must be noted that the ratios in (32), (33), and (85) are not nec- 
essarily positive. If the ratios in (35), for instance, are positive, the 
rate of change in the demand for each separable good will have the 
same sign as its substitution term, but if they are negative, the rate 
will have a different sign from that of the substitution term. If the 
ratios in (32) are positive, a rise in the price of an unclassified good 
will increase demand for superior goods and decrease demand for in- 
ferior goods. If the ratios are negative, the reverse is true. 


3.5. Price Changes of Separable Goods. Let the price of one of 
the commodities of the second group, say X,, change, while all other 
prices and the initial holdings of all goods remain unchanged. We 
examine the effect on the equilibrium quantities of the commodities 
of the second group. 

Differentiating (18) and (19) with respect to p,, we obtain 
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02,, dx Ox oy 
86 es a 4+ i+3 coe + 7p, = —(%—a@ 

(36) Diss ap, Prss rg p Op, ( ) + ap. 

Or 0x 0x Ox 

. ae Sy ee ee , : 

~—P:41--— ap, Pris “'p. P; “op. + + Pires Op, 

+ Prisetts Obi + abl + Prtein Oi = Mitten ’ 
Op, Op, 


r=1,2,+---,n—l. 
The latter equation can be rewritten [see (19) and (22)] as 


iz Lie 
(37) — Pir} ap 73 =e + , ee = NM jten » 


s=1 











n j=1 * 


r=1,2,+-+-,n—l, 








Putting 
38 ay rere 
a= Nee o> vet} 
+f — HSS Eo, 


we obtain the following equations from (20), (23), (86) and (87): 
Prsi.n + PrsePrtan + °°? + DePauw = 9, 
—DitePon + Prte.ctsPitin F Prte.stePitan 2%? + Pate nPan = Mitra 


(39) 


r=1,2,+*-,n—l. 
Let the determinant of the coefficients be 


0 | rr DP. 
D® = Pitr Prtrszra *°°°** Prtis , 
D. Patti eevee Pas 
and the cofactor of the r-th column, s-th row element be D:. Then, 
D Dyan = DP issct1 —D Doq = WD Pr rsis + 
From (38) we obtain 
Ohi+5 _ ee . —a | Oxr45 | OY 
(40) op, Op, (x, »)} da Oa + Piss *? 


8=1,2,+--,n—l, 
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which represents the effect of the price change on the equilibrium 
quantity of X,,,. 
If we consider the relationships 


ey Oy _ a8, oY _ 
le i, i oe 0, 








we can rewrite (40) in the following Slutsky form: 





Ooi, = — _— Bois, = eee == 
Op, (x. a,) oa + Sites , 8 1, 2, ’ n l ? 
(41) ag @8 \ 0x,,, / OY 
Git0.08 = Pitan — {ee + (x, — &,) Boys St . 


3.6. Substitution and the ‘“‘Proper’’ Preference Function. In his 
analysis of the substitution effect Hicks keeps the value of the 
‘‘general’”’ preference function constant. In this section we define 
substitution in a slightly different way, i.e., where the value of the 
‘‘proper’’ preference function is kept constant. We thus give a new 
definition to the substitution effect. 

Consider a new equilibrium when the initial holdings of money and 
other goods are subject to infinitesimal changes 5a, d5a,, ---, 5a,, while 
the price of a separable good X, alone undergoes an infinitesimal change 
dp,. We call this equilibrium position the fifth equilibrium. The 
quantities of all commodities and the value of » will be changed by 
da,, 5x,,+++,8”,, and 5X when the equilibrium shifts from the first 
to fifth position. The ‘‘proper’’ preference function 7 (as given in 
footnote 6) will be subject to a change 


AN = P4841 + Prssdi4n + °°* + P52, 
= MP4 182141 + Diss8%i4n + ++ + p,52,) . 


If the shift in equilibrium is such as to keep the value of the ‘‘proper’”’ 
preference function constant, then 


(i) PrssOXi41 + Dissd%4n + +++ + 7,02, =0, 
while from (19) it follows that 


i nl 
—P44,5r + Do Parse. gs + 7 Prte.ts OX i+ = N14, dD, ’ 


j=1 s=1 
or, substituting (22) into the left hand side of the expression, 
(ii) —Pi+e(5% — dD v,6z;) + y Prse.t+ Lire = Mise OP, , 
3 . 


r=1,2,---,n—l, 
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Comparing the simultaneous equations (i) and (ii) with (39), we get 
82540 = Prse.cOPDe » 8=1,2,---,n—l. 


The right hand side of this equation is equivalent to the second term 
on the right hand side of equation (40), multiplied by dp,. We may 
thus call 5z,,, and @,,,, respectively the substitution effect (for good 
X,,,) and the substitution term in terms of the “‘proper’’ preference 
function of the second-group commodities. 


3.7. The ‘‘Proper’’ Preference Function and the Income Effect. 
Let us now consider an equilibrium when the price of a single sepa- 
rable good X, changes infinitesimally by dp,, while all other prices 
and all initial holdings remain unchanged; this we call the sizth equi- 
librium. We also consider the seventh equilibrium, which occurs when 
the initial holdings of money and all commodities are infinitesimally 
changed by 8a, 5a,, +--+, da,, with all prices kept constant. The shifts 
of equilibrium from the first to the sixth and seventh positions will 
induce changes in the equilibrium quantities of commodities 


dx,,dx,, +++, dz, (sixth equilibrium) ; 
dx,, 52,, +++, dz, (seventh equilibrium) . 


The value of the ‘‘proper’’ preference function will be changed by 


DY = Pye Ey, + PrisdX,4, + +** + Pde, (sixth equilibrium) ; 
87) = Pus 82 p41. + PpigdXisg + °°* + P52, (seventh equilibrium) . 
When the changes in the initial holdings of money and commodities, 
in moving from the first equilibrium to the seventh, are such as to 
make d7 = 57, namely 
(iii) Pi4:9h 141 + Prrs8Liss + o°* + P, 5m, 
= Pid 4, + Pred Er+5 + coe + 7?,dz, ’ 


we call the change 42; in the equilibrium quantity of good X; the 
income effect for X, (in terms of the ‘‘proper’’ preference function). 
The income effect for X,,, is 





b2145 = OX r+s ba + Oxr+6 8a, + eee + OFr+8 50, 
: 6a ) 1 0 ® 
(iv) 
= PEs (bax + pibct, + PidO + +++ + BBC), 
a 


using (16). On the other hand, from 
P(x, — a) + p(t, — &%) + +++ + 7,(%, -—a,) =a, 
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we obtain 
(v) Eo pede, + 5 Preys, +(e, — a,)dp, = 0, 
and 
(vi) Spal By — Bay) + Fo Preston — Bayes) = Ba. 
(v), together with (iii), leads to 
(vii) ¥ pie, = da + pda, + +++ + pda, — Eo Piste ; 
Since 
Spe, = pi( 2+ 8a + Fat ba, vee Jutta.) 


l 

a 

=> oat (8a + p,da, + +++ + p,da,) 
3=1 


as a consequence of (16), we obtain 
; 7] 
: pox; _ = (da + p,da, + pda, + eco + p,5a,) ° 


This, together with (vii), gives us 
a-l 


8, 
(1 - 76 (ba + pda, + +++ + p,da,) — Lo Pred i+. =0. 


e=1 
We have, therefore, 


bs Pir Ar, 
(viii) sa + p,da, - eee + p,da = oy , 


0a 


Now 


al i 
> Pi A254, — —(z, brat a,)dp, iw Lo pda; 


because of (v). 


0x; 
Op, ap. 





E pide, = —(e, — a,)dp, — Dp, 


- {ee > < a,)}dp, 
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eo Gye: arcs | .. 0B oy _ 
te (2, a,)bdp, a ge “ =0., 








Substituting into (viii), we obtain 





ie — (%, — a,)bdp, 
oy , 


0a 





8a + pda, + +++ + p,da, = 


which, together with (iv), produces 





{ - —(@-— a,)} "isd, 
n> ; 


da 





5214, i 


This is equivalent to the first term on the right hand side of equation 
(40) multiplied by dp,. We consequently call it the income term in 
terms of the ‘‘proper’’ preference function of the commodities of the 
second group. 

The rate of change 0z,.,/Op, in the equilibrium quantity of X,.,, a 
commodity of the second group, is equal to the sum of the Hicksian 
income and substitution terms if expressed in the Slutsky form. If 
it is expressed in the form of (40), it is equal to the sum of the in- 
come and substitution terms as used in this paper. In other words, 
the difference between ¢@,.,, and 9,.,, is a part of the substitution 
term if we consider substitution of commodities in terms of the ‘‘gen- 
eral’ preference function for all commodities. If we consider substitu- 
tion in terms of the ‘‘proper’’ preference function for the separable 
commodities of the second group this difference is a part of the income 
term. Furthermore, the next section will show that this difference 
is equivalent to the difference between the substitution terms before 
and after the commodities of the first group are excluded from the 
preference field, and that this difference may make the substitution 
terms take different signs in the two cases. (See Section 3.9 below.) 


3.8. General Changes versus Proper Changes. The commodities 
of the second group are separable from the commodities of the first 
group. Therefore, as shown in Section 2.4, all or some of the com- 
modities of the first group may be excluded from the preference field 
without altering the equilibrium quantity of each commodity of the 
second group if money income is properly adjusted. 

In order to compare the substitution terms before and after all goods 
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of the first group are excluded from the preference field, let us define 
the ‘‘proper’’ preference function of the commodities of the second 
group as in footnote 6. Equate money income to m, and exclude all 
first-group commodities from the preference field. Then, we obtain 
by (15) and (24) the following equations: 


Prvf Seuss + Prod ee | + eee raf =a ] = —(%, —a,), 


— pr] E| a 5 Piseard ess = Mites r=1,-++-,n—l, 











Combining these with (25), we obtain 
PrslFrsr.nl + PrsalFres.n] + eee + P.[?..] = 0, 


(42) a—l 
—Pi+A Fon] 5 L Pite.ttlFite.0) - Mites , f= 1, 2, oo. a U ’ 
where 
2. £2 on a 
[7] _— [se] + (2, a,)| 22 | , 
and 


(9:4...) = [Fe] + (4, — az,)| Miss ] : 


The brackets denote the exclusion of the first-group commodities. 

We know that the determinant of the coefficients of (42) is not 
equal to zero if the stability conditions are satisfied. Therefore, refer- 
ring to (39), we readily find that 


(43) Pi+en = [Fi+s.0] , s= 1, 2, nee, == l . 


Thus, the substitution term in terms of the ‘‘proper’’ preference 
function of the separable commodities is equivalent to the ‘‘proper’”’ 
substitution term (at the point of common equilibrium). This result 
applies not only to changes in price of X, but also to those of any 
other separable good. It must also be noted that it holds irrespective 
of the number of unclassfied goods. In view of these properties, we 
call this relation the principle of invariance of the substitution effect 
in terms of the “‘proper’’ preference function. 
(40) and (41) may be rewritten [cf. (26) and (43)] as 








am 


[Be] + Bef] =] $f. 


op, Op, am op, op, 
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Siten = [%ise0] — te + (%, — a, 32 || eu | ° 


From this it follows that 























O24, ~ [72+ ] OLi+5 _ [ Miss | On, a“ [ 22s ] 
op, Op, 5 _ 4, eee Op. 
ee a] 
om om om 
a = 
op, 
and 


Frsin — [Frtinl — Frtan — [Frsn0) — .,, — Fun — [Fon] 
Pe 








ae er 
Op, (x, ae? 


where p,(z, — @,) + p(t, — &) + +++ + p(x, — a&,) =P. 

We now have a law of proportionality relating changes in the price 
of a separable good and equilibrium quantities of the separable goods: 
The differences between the ‘‘general’’ and ‘‘proper’’ rates of change 
in the equilibrium quantities of separable goods are proportional to 
the respective ‘‘proper’’ propensities to consume them (at the point 
of common equilibrium). The same statement holds for differences 
between the ‘‘general’’ and ‘‘proper’’ substitution terms." 


3.9. Signs of the ‘‘General’’ and ‘‘Proper’’ Substitution Terms: 
An Example. Let 


Hn=gk+hl,andg=f+7, 
where we have the functions 
f=; g=%; h=ay; k=wf; and l=aq; 
(@1, Lay Ly, % = 0). 


Assume 7 to be a preference function of commodities X,, X,, X;, and 
X, We have 


p,= tok; 9 ho . gktm . 


z; Zs xX 


* A similar observation can be made within the second group if some commodities of 
the second group are separable from other commodities of the same group. 
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Pu = b> — Igk —e >; Pu=03 Py= bok ; 
uv UK, 
Py = eM, 9 om; 9, — BB— Dok + Wy — DM 
z; U3X, x, 
Pa Pu bok{(l — b — B)Bgk + (b — 1)v(y — Ih} 
Pa Pu x3xi 
Pes Pu _ chi{(e — 1)A(8 — lgk + (1 — ¢ — y)vhl} 
Pa Pu wm 








If a,b,c, 8, and ¥ are all positive, anda <1,6+8<1,¢e¢+7<1, 
then both f and 7, and hence 9, are subject to the principle of dimin- 
ishing marginal value. The other commodities are separable from 
X, in 9; whereas any two of the remaining X’s (X,, X,, and X,) are 
not separable from the remaining one in 7. 

To ascertain the signs of the ‘‘general’’ and ‘‘proper’’ substitution 
terms, define 


0 Pp, *** D, 0 PP: *** Dy 
pa|P Pu tt Ps and D® =|" = °** Pm 
Po Pur *** Pas Pa Pus *** Pan 
Then 
(44) Dy == PuD? + ViPuPui Ds = PuD? + ViPuPu ; 
(45) Di? = DsPP2 + PIP — PPP ; 


D? = DPPu + PiPu — PPP - 
In addition, 
PD + PD? = PAVIPn + DIPu) <0. 
Hence, either Di? or D,? must be negative. Multiplying both sides 
of (44) by 4, we obtain 


2 
VDs = Px{NDE + 2 (7.9.9) , 
li 


(46) 





Dy = P.{NDE + a (Ps.)} 


ul 


Since @ is subject to the principle of diminishing marginal value, the 
second term in the braces is positive. Therefore, if Dj? (or D2?) is 
positive, D,, (or D,,) is negative. But if D; (or Dj?) is negative, D,, 
(or D,,) may be positive or negative depending on the size of the first 
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factor 7,7/9,, of the second term in braces. The first term and the 
second factor (PP, OF PuP.,) of the second term in the braces are, 
however, independent of x,, while the first factor of the second term 
is 


Pe — Af aypP 
Pry f"(a,) 


i.e., a function of x, alone. Moreover, either D? or D? must be 
negative. Therefore, if Dj}, for example, is negative, we can make 
D,, negative by proper selection of the function f(z,), i.e., X,. On 
the other hand, the substitution terms of the other commodities with 
respect to a change in the price of X, are 


C4 = Ae : 0.= Dy : (‘‘general’’ substitution terms) 


D 


(2) (2) 
[o.] = £ oe > [%.] = ae (‘‘proper”’ substitution terms) 





while D> 0 and D® <0. 

Thus, when D;? and D,, are both negative, the ‘‘proper’’ substitu- 
tion term [¢,] is positive and the ‘‘general’’ substitution term @, is 
negative. (The ‘‘proper’’ preference function as defined in footnote 
6 will equate \ and # at the equilibrium point. We shall, therefore, 
write both of them as \ henceforth.) In short, commodity X, is in- 
dependent of other commodities and, if chosen properly, may cause 
the ‘‘proper’’ substitution term (of X, or X,, with respect to a change 
in the price of X,) to have the same or opposite sign as the ‘‘general’’ 
substitution term. A numerical illustration will clarify this point. 

Let 6 = 2/3; c= 1/3; 8 = 1/4; and y = 1/2, so that 


n = geil ®ails + aileails : 


and let p, = 1.28; p, = 0.96; and p,= 1.53. Let the initial money 
stock be 66.72 and holdings of all other commodities zero. The equi- 
librium quantities of X,, X, and X, (X, being excluded) with respect 
to the ‘‘proper’’ preference function 7 are given by 


t= 27; 2,=8; 2,=16; and ¥=——-=—. 


Our determinants take the following corresponding values: 


Dg = PeOhkl oy — g)gk — (1 — byrhl] = 1; 
ULM, 2°3 
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MDg = Leghkl (eg — yhl — (1 — 0)8gk] = —22 ; 


Lys, 23° ’ 
= beghkl  _ 3), — 1. 
PP ear: (6 —1)7 mar | 
beghkl 1 
PuPu = oye (c —1)8 page . 
Hence, from (46), 
Dy = oy saa (Pu — Pi) = 355° (x — Fi) , 
(47) 
Drs - oT 3 ———(389,, + 9}) = — (88 + P') . 
Thus, 
D3? >0; Dye<0; D? <0. 
Hence, 


[e5] <0; o5<0; [e,4]> 0. 

The sign of D,,, however, (and that of ¢,,) is indeterminate. 

Take two variants of the preference function f of the commodity X, 
(i) f = 62;", 
(ii) f = 2zi", 
and let p, = 2.16, all other prices remaining unchanged. Money in- 
come is increased to 101.28. When X, is included in the preference 
field, there will be no change in the equilibrium quantities of X,, X,, 


and X,, and the equilibrium quantity of X, will be 16, whether func- 
tion (i) or (ii) is taken.’ For, in both cases, 


’ = F ‘(16) 5? fe 
f'(16) = ri oe = = os (= previously) ; 
101.28 — p,z, = 101.28 — 34.56 = 66.72 (= money income previously) . 


To determine the sign of the ‘‘general’’ substitution term g,, we 
find 


Case (i): From (47), 


Dy = —5n(38 + Fh) = (08 + 5 





® When X; is added to the preference field, we can take f(16)+ 7 for the ‘“‘proper” 
preference function of X:, Xs, and X,; this corresponds to that given in footnote 6. The 
elements of the determinant D are unaffected by this choice 
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Bei. Bye 3-7 
at os. 6 SS £8 8 a 2 * ): 
2 a =e Ac t2 
Case (ii): 
, «ase 3 
eae. eS hl " 
nae A a ope’ — 


That is, the ‘‘general’’ substitution term o,, has the same sign as the 
‘“‘proper’’ substitution term in case (i) but has the opposite sign in 
case (ii). In Hicksian terms, case (ii) implies that X, and X, are 
substitutes in a group of three goods X,, X, and X, but become com- 
plements if another good X, is added to this group. It must be noted 
that X, is independent of the other three goods. This fact leads to 
some doubts about the validity of Hicks’ definitions. 


4. INDEPENDENT GOODS 


4.1. An Exact Definition of Independent Goods. Assume that X,, 
X,, «**, X, are separable from X,. Then, from Section 2.1, we know 
that 


Pi = UP; » 94=22,8,++°,n. 
Therefore, 


7] (2+) 1 1 
——( ZL) = —AD,,P, — PyP;) = —(V,P, — Pu); , 
02, \ 9, PixPi Ps) om iP WP; 


and 


A. 9 (£1) = we, — Py). 
P; 0x, \ P, P; 


Setting the right hand side equal to 9, we obtain 








He) a(#) se (2) 
6x, \ P, 62, \ P, 6x, \ 9, 
-——4 = eee SS a = fe] , 
(®) Pa Pa Pra 
P, Pp, Pp, 


which is obviously invariant with the choice of preference function. 
We call 6 the percentage rate of change in the substitution rate with 
respect to X,. In general, @ is a function of %,,2%,,+++,2,. In the 
special case where @ is independent of 2,, 2, +++, %,, i.e., 9 is a func- 
tion of x, alone or constant, the preference function ? will depend on 
the sum of a function of x, alone and another function of 2,, ,, +++, %,. 
This proposition will be proved below. 
It follows from (48) that 
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log 2 = lade, + x,, j§=2,8,-->,8, 
where the ys are functions of 2,, 2, ++-,2,. Then, 
49 ij ACI ++, Z5) , 
7 2, file) 
where 


f, = exp (—{¢dz, ) and 0; = exp (Z;) . 
Let 7;, denote the partial derivative of 7; with respect to x,(k = 2) 


Vn = £09 ted P Pru) = £99 a ViP P,) . 
1 1 


Hence, 
Qin = Des » j}=2,3, ---,m, 
so that 


fdz, a 7,42, + eee + 7,d2,, 
is the total differential. Integrating, we obtain 


\(fide, + nda, + +++ + nda.) = \ fide, + \(nde, + «++ + 7,d2,) 


= f(%,) + Hh +++, 2). 
On the other hand, from (49) it follows that 
dp = 9,dx, + P,dxz, + +++ + Pda, 
= ra f,dx, + 7,dx, + +++ +7,d2,). 
1 


Therefore, ? is a function of (f + 7), i.e., 
(50) p=F(f+y). 


Conversely, when the preference function — has the form of (50), 
the equations (48) will hold, and their value @ will be a function of 
x, alone or a constant. 

We define a commodity X, to be independent of other commodities 
when the percentage rates of change in the rates of substitution of 
other commodities for X, (with respect to X,) are all equal to each 
other and independent of the values of X,, X,, ---, X,, i.e., when 
equations (48) hold and @ is independent of z,, z,,-+-,2,. This defini- 
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tion is based on the way in which commodities are chosen by the 
individual, that is, on properties of the preference function. The fact 
that X, is independent of other goods does not, however, imply that 
X, is unrelated to other goods in use. In the special case where each 
good is independent of all the others, the definition reduces to Allen’s” 
and should be regarded as a revision of Pareto’s definition.” 

In the previous discussion all the marginal degrees of preference 
were treated as positive. 7, was also positive because of (49). The 
derivative F”’ in (50), therefore, was positive. Thus, when X, is in- 
dependent of other goods, f + 7 can be used as the preference func- 
tion. In other words we choose a — which satisfies the conditions 


Py =Pn =O, j = 2,3, -++,n. 
In this case, 


Paes. ."o 
FP; 


5. CHANGES IN THE PRICES OF INDEPENDENT GOODS 


5.1. Changes in the Expenditure on an Independent Good. Let 
X, be independent of other commodites X,, X;, ---, X,. For the pref- 
erence function ~, take one which satisfies the following conditions: 





P53 = Pn =0, j =2,3,+++,n. 

Let D and D™ be the determinants given in Section 3.9. Define 

Py **** Dig | Ps cece Da 

Bia l vcvde seeds and ihe TTT Tritt 

Pu *°°* Pas i Pas **** Pas 

Set 
p(%,-a%)=8, B+y=a, 
D(X, — H,) + D(X — %) + es + P(e, — a) = 7. 

We find 
FE = (a, — 4) + vrB = (a — a) + PA —(m — a) + MY, 
while 


10 R. G. D. Allen, “‘A Reconsideration of the Theory of Value, Part II," Economica, 
XIV (1934), 214. 

11 Vilfredo Pareto, ‘Economie Mathématique,”” Encyclopédie des sciences mathématique, 
(1911), 612. Manuel d’économie politique, (Paris: Giard, 1927), 2nd ed. 576. 
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D a =—p,4®, D=9,D%—pis, QP =rM. 
Hence, 
$8 = {=n 4 1) %D" | 
Op, P; D 
Now set 


ex —% =P [= (@, — a6]. 


See Section 4.1. We now obtain a formula for the rate of change in 
expenditure on X, 


(61) tp — a} = — (¢-— 9-29, 
Ps D 





where 7,D"/D is negative because of the stability conditions and in- 
variant with the choice of the preference function 7. ¢ is also in- 
variant with the choice of the preference function (because of in- 
variance of 9). For the preference function in general, 0 = F(9), 





is (x, — a&,)0 d (9, . 
52 =— Lt —-)j, = 2,8, -++,n. 
(02) . ?, dx, (9) 7 ” 


We may call the right hand side of (52) the elasticity of the marginal 
rate of substitution of X, for X;. When X, is independent of other 
commodities, the elasticity of X, for X; is the same for all X,; this 
is clear from (52). In terms of this definition, (51) can be stated as 
follows: When good X, is independent of other goods, the rate of 
change in expenditure on it in response toa change in its own price 
is positive, zero, or negative, according as the elasticity of its mar- 
ginal rate of substitution is greater than, equal to, or less than 
unity.” 


12 The rate of change in expenditure has the following relationship to the rate of 


change in 2: 
os & 
6p, £2 Bp,’ 
which can be rewritten as 
5B = (2 > Pi) Oh 9 
op: 4 vu / Op: 


since 


D= euD® — ps), 4=¢14. 
The formula corresponds to that derived by Pareto for the case of any good independent 
of other goods. (See Pareto, Manuel, p. 581 and Economie mathématique, p. 629; also 
Henry Schultz, ‘‘Interrelations of Demand, Price and Income,’’ Journal of Political 
Economy, XLII (1935), p. 451). Pareto’s formula, therefore, holds not only when every 
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5.2. Changes in the Equilibrium Quantities of Separable Goods. 
On the basis of the same assumptions we employed in Section 5.1, we 
obtain 


Op, op, D 
From (26), 
On; _ orf 82, | T Fe 
da oalomt’ J mB, 8, +0+,8, 


where the factor in brackets represents the ‘‘proper’’ propensity to 
consume X,; when X, is excluded from the preference field. Com- 
bining these two relations with (32), 


a a ee 

Op, 0a Op, | da 
we obtain 

Ot; (eH Pom | 24: | les — 
(53) 4 (e — 1) D om |” j = 2,8, %, 
where the ‘‘proper’’ propensity to consume is measured at the point 
of common equilibrium. Equation (53) is a formula measuring the 
effect of a change in the price of an independent good X, on the equi- 
librium quantities of separable goods. Since the second factor on the 
right hand side is negative, the sign of this effect is determined by 
the magnitude of the elasticity ¢ relative to unity and by the sign 
of the ‘‘proper’’ propensity to consume. 
On the basis of (51) and (53), we can tabulate the effect of a rise 

in the price of X,, an independent good, on the equilibrium quantities 
(demanded) of other goods. 





| 
, ; , |Demand for a “prop-Demand for a ‘‘prop- 
¢—1 | Demand for X; /Expenditure on Xerty” superior good*lerly”’ inferior good* 











- Decreased Decreased Increased Decreased 
0 Decreased Unchanged Unchanged Unchanged 
aa Decreased Increased Decreased Increased 

















* Superior or inferior goods are called ‘“‘properly’’ superior or inferior goods when X; 
is excluded from the preference field. 


good is independent of other goods, but also when a particular good is independent of 
other goods. The formulas (51) and (53) ditter from Pareto’s in that ours make it evident 
that the elasticity of the rate of substitution is invariant with the preference function 
chosen; they differ also in their clarification of the significance of the factors which 
determine the rates of change of equilibrium quantities in terms both of this elasticity 
and of the ‘‘proper’’ propensity to consume. 
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From the view point of common sense, a rise in the price of good 
A will decrease demand for itself and lower the value of the preference 
function. The greater this decrease in the value of the preference 
function, the more the individual will try to limit the decrease in his 
demand for good A in his attempt to keep the value of the preference 
function stable. This attempt may lead to an increase in expenditure 
on good A and a decrease in expenditure on the other goods. On the 
other hand, when the value of the preference function is only slightly 
reduced, the individual may tend to lessen the decrease in the value 
of the preference function by adjusting his demands for other com- 
modities rather than for good A, according to how strongly he wants 
to have these commodities. Formulas (52) and (58) demonstrate this 
relationship clearly. 


5.3. The Substitution Term. After a little calculation we find 
that the substitution term ¢,,,(j = 2), can be written as 


0, = 7h + (x, — a) Ee = {(¢ - 1) Ps + (4%, -— a) Sr\) 22, | ‘ 


ap, om 
Since 
EP, = —(Z%, — A,)Py, , 2 = 9, D™ , 
we have 
54 On = — AD | Oe |, p= 2,8, +++,n. 
(54) a D _ W] 


The ‘‘general’”’ substitution term has the same sign as the ‘‘proper’’ 
propensity to consume each good (except X,) (at the point of common 
equilibrium). 

From this result we may conclude that Hicks’ definitions distin- 
guishing complementarity from substitutability according to the sign 
of the substitution term are not applicable to independent goods. This 
conclusion, together with the example in Section 3.9, challenges the 
validity of his definitions. 

From (53) and (54) we obtain 


Oz; P 
(55) St = -(€-lon, j =2,8,+++,n. 


a 


This formula represents the relationship between the substitution term 
and the effect of a change in the price of an independent good on 
the equilibrium quantities of other goods. It demonstrates that the 
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expression for the effect of such a change has the same or opposite 
sign as the substitution term according as the elasticity ¢ is greater 
or less than unity. 

In summary, we find that the formulas (53), (54), and (55) give the 
proportionality factors in our laws of proportionality (see Section 3.4) 
when the price of an independent good changes. It must be par- 
ticularly noted that the signs of the proportionality factors are deter- 
mined exclusively by the size of the elasticity ¢ relative to unity; the 
elasticity itself is determined solely by the equilibrium quantity of the 
independent good and is independent of the equilibrium quantities of 
the other goods. 


Kyoto University, Japan 
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A HISTORICAL NOTE ON PROFESSOR SONO’S THEORY 
OF SEPARABILITY 


By MICHIO MORISHIMA 


MASAZO SONO, a famous mathematician in Japan, first became in- 
terested in economics through his friendship with Yasuma Takata, 
who has been called the ‘‘Japanese Marshall’’ by M. Bronfenbrenner 
[1]. Like Slutsky’s celebrated article, Sono’s work on the separability 
of goods [15] published in Japanese in the midst of World War II 
has remained unknown for a long time without attracting attention 
from English-speaking economists. Four years after the publication of 
Sono’s paper, however, Lenontief [5, 6] discussed the same problem 
completely independently, and recent contributions to the subject have 
been made by Hicks [3], Strotz [16, 17], Gorman [2], Miss Rajaoja [11] 
and others. In view of the importance of Sono’s results, we have felt 
it desirable to reproduce his paper in translation for those economists 
who cannot read Japanese. 

Strotz [17] and Miss Rajaoja [11] gave two definitions of a separable 
utility function, which they called the weak and the strong definition. 
According to this classification, Sono’s work amounts to having ex- 
hausted the properties of weak separability. In fact, Leontief’s 
Theorem I in [5] (or Proposition I in [6]) is implied by Sono’s Pro- 
positions I and II in [15, (section 2)]; Strotz’s equations (9), and 
(14), and footnote (12) in [16] are nothing but Sono’s “laws of pro- 
portionality’”’ in sections 3.4, 2.5 and 3.8 respectively. 

Leontief’s Theorem II in [5] (or Proposition IV in [6]) regarding an 
additively separable function is based on the definition of strong 
separability; no equivalent of the theorem is found in Sono’s paper 
{15}. It is evident, however, that if there are but two subsets 
of goods into which the whole set is separated, then strong separabilily 
is reduced to weak separability. The theorem is inapplicable to the 
case where the whole set of goods is partitioned in two additively 
separable subsets. On the other hand, Sono’s discussion of independent 
goods (in section 4.1, 5.1-5.3) acquaints us with the conditions and 
the properties of additive separability in the two-subset case. In this 
respect, Leontief and Sono are complements of each other. 

The Sono-Leontief theory is set forth in abstract terms and may 
be connected with various interpretations, two possible examples of 
which have been suggested by Leontief [6]. First, the internal 


* Manuscript received February 13, 1961. 
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structure of a production function can effectively be analyzed by 
separating the overall production function into a number of inter- 
mediate production functions. For example, the overall production 
function of steel which connects the final output of finished steel 
with the original inputs (i.e., the quantities of various kinds of 
labor, tools, and materials used in mining coal and iron ore as well 
as those used directly in the operation and maintenance of blast 
furnaces) can be broken down by explicitly introducing the inter- 
mediate products, coal and ore, into three simpler functions, each 
involving fewer variables. Second, we may assume, as a first approxi- 
mation, that for any two goods in a given budget category, the 
marginal rate of substitution between them is independent of the 
demand for any goods not in that category, e.g., the marginal rate 
of substitution between evening dress and kimono should be inde- 
pendent of the consumption of bread and rice. This assumption of 
weak separability was used by Strotz [16] and Miss Rajaoja [11]. If 
it is sharpened to additive separability or homogeneous separability’, 
it implies that consumers first allocate expenditure among the several 
budget categories and then decide how best to spend each budget 
allotment on the commodities within the category, with no further 
reference to purchases in other categories. See Gorman [2], Strotz [17] 
and Rajaoja [11]. 

For the purpose of studying intrinsically related goods, Hicks [3 
(chapter 17)] suggested a new approach. He thinks of the consumer 
as choosing between certain objectives, and then deciding between 
alternative means of reaching those objectives. The relative valuations 
of those goods which are means of reaching the same objective are 
determined by their relative contributions to that objective, and are 
independent of the remaining goods which are devoted to other 
objectives. The relation between the means and the objective is of 
a technical character, being similar to the relation between factor 
inputs and commodity outputs. We may assume that the functions which 
give us relations between means and objectives are homogeneous of 
degree one’. Thus Hicks’ idea can be translated into the language 
of homogeneous separability. See Morishima [8]. The consumer will 
decide, more or less as tue entrepreneur decides, between alternative 
means. The Hicks theory may, therefore, be considered a synthesis 
of traditional demand theory and theory of the firm, which have 


1 If each “‘proper”’ utility function (in the sense of Sono) is homogeneous of degree 
one, a utility function is said to be homogeneously separable. Cf. Gorman [2]. 
? That is, constant returns to scale prevail between means and objectives. 
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hitherto been separated. 

Another application of the Sono-Leontief theory was made by Yasui 
[18] and Morishima [7]. They make the assumption that monetary 
goods (money and bonds) and consumption goods are separable from 
one another; that is to say, the consumer’s utility function is assumed 
to be a function of the proper utility function of consumption goods 
and the proper utility (or liquidity) function of monetary goods. This 
assumption, together with others, enables us to establish the following 
laws of demand: (1) Suppose that a consumer’s inital assets are 
positive, and that the marginal propensity to hold cash and bonds 
(with respect to an increase in the initial assets) is less than unity. 
Then the demand for proper superior consumption goods decreases 
and the demand for proper inferior goods increases when all prices 
rise proportionally. (2) If a rise in the interest rate increases a con- 
sumer’s savings, it will decrease his demand for proper superior 
consumption goods and increase his demand for proper inferior con- 
sumption goods and the number of bonds held by him at the end of 
the period, and so on. (See [7].) These laws are based on Sono’s 
“laws of proportionality.’’ 

Finally, it has been shown by Gorman [2], Nataf [9], and Okamoto 
and Morishima [10] that the separability assumption is basic to Klein’s 
aggregation problem [4]. Hence it is also basic to the existence of an 
index of the quantity of capital—a problem recently raised by Mrs. 
Robinson [12, 13]. This last fact has been observed by Solow [14]. 


Osaka University, Japan. 
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THE STRUCTURE OF MULTI-SECTOR DYNAMIC MODELS* 


By DALE W. JORGENSON 


IN THIS PAPER we consider multi-sector generalizations of various 
Keynesian type macroeconomic models and investigate the existence, 
uniqueness, and nonnegativity of solutions to these models. On the 
basis of the seemingly elementary consideration that national income 
and capital stock or sectoral income and stock levels must be nonnega- 
tive, doubt is cast on the general validity of the well-known models 
of the trade cycle proposed by Samuelson [40,41], Hivks [24], and 
Smithies [42], and the augmented dynamic input-output system of 
Leontief [33]. Using the same elementary consideration, we can 
deduce stringent conditions which must be satisfied by the ordinary 
dynamic input-output system, Hicks’ ‘‘basic equation,’’ and Duesen- 
berry’s multi-sector model of growth and fluctuations [11]. 

On the constructive side, techniques are provided for the analysis 
of solutions to the linear and piece-wise linear systems which dominate 
the literature on Keynesian macroeconomics. If the solutions to a 
macroeconomic model can be shown to be nonnegative for any non- 
negative initial conditions, methods associated with the spectral theory 
of nonnegative matrices may be employed to characterize the solutions 
in detail. In particular, the existence and relative stability of a non- 
negative characteristic solution are assured. Using more specific in- 
formation, we may find it possible to obtain bounds to the equilibrium 
rate of growth. 

Application of these techniques requires information only on the 
signs of elements in the matrices associated with the reduced form 
of a macroeconomic model. In many of the cases examined in this 
paper, this information can be obtained directly from the economic 
interpretation of the corresponding coefficients of investment and con- 
sumption functions or other relationships. 


1. TWO THEOREMS ON NONNEGATIVITY 
The investigation will be based on the following theorems: 
THEOREM 1. For a system of linear differential equations 
(1.1) &= Ax + f(t), 


* Manuscript received October 25, 1960, revised December 20, 1960. 
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where A is a constant matrix, f(t)2=0 for t=0 is a vector-valued 
function of t,x(0)>0 is a vector of initial conditions, a necessary 
and sufficient condition that x(t)>0 for t=0 is that there isa 
nonnegative scalar c so that cI+AzZ20. 


The corresponding result for difference equations is as follows: 


THEOREM 2. For a system of linear difference equations 
(1.2) a(t) = Ax(t —1) + f(t), 


where A is a constant matrix, f(t)=0 for t=0 is a vector-valued 
function of t,2(0) > 0 is a vector of initial conditions, a necessary 
and sufficient condition that x(t) >0 for t=0 is that A>0 and A 
has at least one element strictly positive in each column.’ 


These theorems provide simple criteria for the nonnegativity of 
solutions to macroeconomic models formulated as linear difference or 
differential equations or for piece-wise linear systems.’ Proof of the 
theorems is based on a series of lemmas which provide alternative 
and equivalent conditions for the nonnegativity of solutions to systems 
of difference and differential equations in terms of certain functions 
of a matrix. 


1 That is, A is a Metzler matrix; off-diagonal elements are nonnegative. A recent 
review of mathematical properties of Metzler and related matrices together with a 
summary of economic applications of such matrices is contained in [34]. Although the 
following discussion is confined to models of the Keynesian type, some results are al- 
ready available for models of the Walrasian type [33,39]. In certain elementary cases, 
like the Leontief static system discussed below in Section 2, the difference between 
Walrasian and Keynesian models is simply a matter of the economic interpretation. 

For vectors (and matrices) the following notation will be useful. If z is a vector with 
elements 2;,2>0 if a; >0 for alli;z20 if 4 20 for all i;2=0 if 2 =O0 for all 
i;2>0 if 20 and #0. 

2 This condition is equivalent to assumption (**)(i) of Kemeny, Morgenstern, and 
Thompson [29, (118)]. The system is also seen to satisfy assumption (**) (ii) since B, the 
output matrix, is the identity matrix, J. I am indebted to Professor Morishima for 
these observations. 

3 A system is piece-wise linear if its solutions may be represented as a continuous 
sequence of solutions to linear systems. Since the existence and uniqueness of solutions 
to each ‘‘phase’’ are usually assured, problems of existence center on the transition from 
one phase to another, that is, on the consistency of ‘‘switching ’’ conditions (33, (72-76)]. 
For other examples of piece-wise linear systems, see [15, 16,17]. So far as existence and 
uniqueness of solutions to piece-wise linear systems is concerned, it may be possible to 
approximate such equations by nonlinear equations which have continuously differentiable 
solutions and to apply standard techniques for anatysis of such nonlinear equations [25, 
36]. Here, however, few results are available for equations of order greater than two. 
The fact that the theory of positive matrices plays an important role in nonnegativity of 
solutions to linear equations suggests that it may be possible to make some progress in 
the nonlinear case through application of the theory of positive operators (32, 28]. 
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LEMMA 1. Axr>0 for x>0 if and only if A>0 and A has at 
least one element strictly positive in each column. 


LemMA 2. A necessary and sufficient condition that A‘'>0 and 
A‘ has at least one element strictly positive in each column for any 
integer t, nonnegative, is that A>0 and A has at least one element 
strictly positive in each column. 


Proor: Sufficiency is obtained by observing that the lemma is 
trivial for t = 1; suppose the lemma true for t = » —1, then we may 
write 7 


A* = A-A™"', 


where A, A*"* > 0, and each matrix has at least one element strictly 
positive in each column. Applying Lemma 1 to each column of A” 
considered as a vector, we observe that each such column is nonnega- 
tive and not zero. Necessity is obtained from consideration of ¢t = 1. 
Theorem 2 is an immediate consequence of Lemmas 1 and 2. 


LEMMA 3.‘ A necessary and sufficient condition that e“*>0 for 
t = 0 is that there is a positive scalar c so that cI +A2=0. 


Proor: Expanding the matrix exponential function e“* in power 
series 
At? 


eta I+ Att Stee, 


we observe that for small t, e“* has at least one negative element if 
there is no positive scalar c so that cl] +A20O. For sufficiency we 
observe that the existence of such a positive scalar implies the non- 
negativity of e“* for small ¢t, but for any ¢ and any nm we have 


(e4#/™)" = e4* 


Choose sufficiently large so that e“’" is nonnegative; then, since 
e“* is nonsingular for any ¢ [4, (166)], e“*” has at least one element 
strictly positive in each column. Hence, e“* > 0 by Lemma 2. 


PROOF OF THEOREM 1. The general solution to the system (1.1) is 


* Lemma 3, with a proof suggested by Karlin, and application of the results to differ- 
ential equations are given in a slightly different form by Bellman [4, (172)]. Arrow [3, 
(6 and 14)] gives a different proof for the sufficiency part of Theorem 1. The matrix 
exponential function is discussed in detail by Bellman. 
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x(t) = e4* 2(0) + \ eA" £(s)de . 


If there is a nonnegative scalar c so that cl] +A20, e“>0 by 
Lemma 3. Since e“' is nonsingular, x(0) >0 implies e4‘x(0) > 0 by 
Lemma 1. Secondly, for s st, e4-"f(s) > 0 for f(s) =>0, by Lemma 


t 
1. Hence \iet"-"F(a)ds 20 for t20. But x(t) is the sum of two 


nonnegative vectors, one of which is not zero. Hence z(t) >0 for 
t => 0, which completes proof of sufficiency. 

For necessity, let f(t) = 0 for all t; then e“*‘ >0 only if there is a 
nonnegative scalar c so that cl + A20 by Lemma 3. By Lemmal, 
e“‘x(0) > 0 for x2(0)>0 only if e*>0 for all t20, x(t) = e“*x(0), 
which completes the proof. 

Theorems 1 and 2 may be applied to piece-wise linear systems by 
making use of the observation that the initial conditions for each 
linear ‘‘phase’’ are the end conditions for the previous phase, so that 
the homogeneous part of such solutions can be written as the product 
of a sequence of matrix exponential or matrix power functions, each 
such function corresponding to one phase of the system. 

In the following sections, Theorems 1 and 2 will be applied to a 
series of disaggregated macroeconomic models of the Keynesian type. 
All the models examined are based on a separation of total output 
into two parts—consumption and investment. Consumption is deter- 
mined by some version of the consumption function; investment may 
be taken as autonomous, as in the Kahn dynamic multiplier [27], or 
as determined by the acceleration principle; i.e., investment is propor- 
tional to changes in income. The three versions of the acceleration 
principle to be examined are (i) unlagged or instantaneous adjust- 
ment of capital stock to changes in income, (ii) lagged adjustment 
with a fixed lag, and (iii) adjustment distributed over time (distributed 
lags). When combined with the consumption function, these alterna- 
tive versions of the acceleration principle generate (i) the Harrod- 
Domar growth model [20, 21; 8,9], (ii) the Samuelson-Hicks model of 
the trade cycle [40, 41; 24], and (iii) the Smithies-Duesenberry mcdel 
of fluctuations and growth [42;11]. The corresponding multi-sector 
models are (i) the dynamic input-output system of Hawkins and 
Leontief [22; 33], (ii) a multi-sector model of the trade cycle described 
by Allen [1, (364)], (iii) Duesenberry’s multi-sector model [11, (222-25)]. 


2. MULTIPLIER THEORY 


The simplest Keynesian macrodynamic theory is based on a deter- 
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mination of investment outside the model, i.e., investment is autono- 
mous. In the discussion that follows it will be assumed that autono- 
mous expenditures are nonnegative. 

It is well known that disaggregation of the static multiplier of 
Keynes for determination of national income leads to a model which 
is formally identical with the Leontief static system of the open type 
[5; 18, 19; 44] 


(2.1) (I—A)z=y, 


where x is a vector of sector income levels, y > 0 is a vector of final 
or autonomous demands, and A > 0 is an input-output matrix.’ The con- 
ditions under which there is a unique, nonnegative solution to this 
system of equations have been carefully investigated by Solow [44] 
and by Hawkins and Simon [23]. Solow’s results are as follows: 
There exists a unique solution « >0 of the system (2.1) for any 
y>0 if (i) A is an irreducible input-output matrix with at least 
one row sum )_,a,, strictly less than one,’ or (ii) A is a reducible 
input-output matrix, but arranged in normal form so that each 
irreducible submatrix along the main diagonal has at least one row 
sum strictly less than one [44, (36-38)].”. In the disaggregated form 
of Kahn’s dynamic multiplier [27], x(t) and y(t) are vectors with 
elements representing the income and autonomous demand for the 
output of the corresponding sector. If A is a matrix with nonnega- 
tive elements [a,,], where a,, is the marginal (and average) propensity 
of the jth sector to consume the output of the ith sector, the dynamic 
multiplier may be represented in the form given by Goodwin and 


* An input-output matrix is a matrix A > 0 with elements (a4;) such that S\;as) Ss 1. 
* A matrix is irreducible if it is not reducible. For a reducible matrix there is a 
simultaneous permutation of rows and columns such that 


Au Au 
A= [ ' 
O Az 
where Ai, Ase are square submatrices. A matrix is decomposable if there is a simul- 
taneous permutation of rows and columns such that 


0 | 
A= ; 
0 Az 


~ 


where Ai, Ase are square submatrices. Many different systems of terminology are used 
to describe reducible and decomposable matrices. For exampie, Solow [44] and Debreu 
and Herstein [7] use the terms decomposable and completely decomposable. The termi- 
nology employed here appears te be standarc in the mathematical literature [13]. 

* The normal form of a reducible matrix A is 
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Solow [18, 19; 44] 

(2.2) a(t) = Ax(t — 1) + y(t). 

Applying Theorem 2, we find that the solution 

(2.3) a(t) = A‘x(0) + y(t) + Ay(t — 1) + --+ + A*Yy(1) 


is nonnegative and not zero for any initial levels of income 2(0), non- 
negative and not zero, if and only if the matrix A> 0 has at least 
one element strictly positive in each column. This latter condition 
means that each sector consumes the output of at least one other 
sector (possibly its own). If the coefficients a;, are interpreted as 
technologically given constants, this assumption corresponds to Koop- 
mans’ ‘‘impossibility of the Land of Cockaigne’’ [30, (49-52); 31, (77-79)]. 
There is no necessary connection between the existence and unique- 
ness of a nonnegative solution to the multi-sector dynamic multiplier 
(2.2) and the convergence of the multiplier process to a stationary 
nonnegative solution 


(2.4) a=(I[—A)'y, 


where y>0 is a constant vector. The sufficient condition that this 
solution of the model be stable and nonnegative given by Solow [44] 
also implies that the solution to the dynamic multiplier (2.2) is non- 
negative for all values of time. The irreducibility of A implies that 
the complete solution (2.3) is nonnegative and not zero for all values 
of time. 


3. THRE DYNAMIC INPUT-OUTPUT SYSTEM 


In the Harrod-Domar growth model, investment is taken as deter- 
mined within the system by an unlagged accelerator... In the discussion 
that follows the closed, continuous time formulation of the Harrod- 
Domar theory will be used. Consumption is determined by a static 
multiplier; investment is proportional to the rate of change of income. 

In the dynamic input-output system A is an input-output matrix, 


Au Ai --+ Aim 
O Ass --- Asm 
0 0 Amm 
where Ai, Agz,...,Amm are irreducible square submatrices along the main diagonal. 


Such a normal form is unique except for the order of submatrices along the main 
diagonal [{13, (89-92))}. 
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and B>O is a stock-flow matrix with elements [},,], showing the 
stock of the ith commodity required for production of one unit of the 
jth. The vectors x(t) and <(t) have elements representing the output 
and rate of change of output of the corresponding sector. The complete 
dynamic input-output system may be written in the form 


(3.1) a(t) = Ax(t) + Bat). 


To simplify the following discussion, it will be assumed at the outset 
that B- exists and that BJ — A) is nonsingular and irreducible. 
The solution to the dynamic input-output system may be written 


(3.2) a(t) = e? *4-4tg(0), 2(0) >0. 


Various attempts have been made to obtain conditions that the 
solution of x(t) be nonnegative and not zero [6, 14, 22, 26, 43]. Pre- 
vious results may be summarized as follows: Since A is an input-output 
matrix, (J — A)” exists and is nonnegative; hence (J — A)"B is the 
product of two nonnegative matrices and is itself nonnegative. Since 
B-‘(I — A) is irreducible, (J — A)'B is an irreducible nonnegative 
matrix. By Frobenius’ theorem [13, (65)], (J — A)"'B has a unique 
positive characteristic vector, say £, and no other characteristic vector 
which is nonnegative. Secondly, associated with this vector is a charac- 
teristic value of (J — A)“'B, say 1/7, which is simple, positive, and largest 
in modulus of all the characteristic values of (I— A)B. The cor- 
responding uniquely nonnegative characteristic solution of (3.2), ef, is 
relatively stable if and only if all characteristic values of B-'(I — A) 
are less than 7 in real part [26]. Various other conditions on B~*(J — A) 
for relative stability have been given for two and three sector models 
[22, 14] using determinants; however, these conditions are equivalent to 
the condition on characteristic values just given. It will be shown that 
relative stability is necessary for nonnegativity of solutions to (3.1). 
However, no sufficient conditions for nonnegativity have been given in 
the literature. 

To obtain a necessary and sufficient condition for nonnegativity of 
solutions to the dynamic input-output system, we apply Theorem 1. 
For nonnegativity of solutions to (3.1), it is necessary and sufficient 
that for the matrix B-(J — A) there is a scalar ¢ such that 


el+B"(I-—A)20, 


that is, B-(J — A) has only nonnegative off-diagonal elements. If 
B~‘(I — A) is acyclic and irreducible, all diagonal elements of B-'(J — A) 
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must be negative; otherwise, B-'(J — A) could not be the inverse of 
a positive matrix.“ It can be shown that the condition for nonnega- 
tivity of solutions for the dynamic input-output system is sufficient 
for relative stability of the characteristic solution ef > 0. Since the 
matrix cl + B-‘(I — A) is nonnegative and irreducible, it has a uniquely 
nonnegative characteristic vector £ > 0 associated with a characteristic 
value c + r > 0, which is the characteristic value of B-\(I — A) largest 
in modulus and hence largest in real part. Then y is the character- 
istic value of B-(IJ — A) largest in real part, and e”t is relatively 
stable. It should be observed that this sufficient condition for relative 
stability of the uniquely nonnegative solution makes no use of deter- 
minantal conditions or conditions on the characteristic values of the 
matrix B-(I — A).’ 


4. THE LAGGED ACCELERATOR 


In the complete theory of the trade cycle proposed by Hicks, Samuel- 
son’s linear multiplier-accelerator is combined with two nonlinear rela- 
tions—a ‘‘floor’’ to capital decumulation and a ‘‘ceiling’’ to the rise of 
output imposed by capacity. In this section the linear part of the 
Samuelson-Hicks model, Hicks’ elementary case, will be analyzed. In 
Section 6 a nonlinear model in which capital accumulation is irreversible 
will be discussed. For the elementary case, consumption is determind 
by the income of the previous period as in Kahn’s dynamic multiplier; 
investment is determind by a lagged accelerator and is proportional to 
the change of income in the previous period. 


8 A matrix is acyclic if it is not cyclic. For a cyclic matrix, there is simultaneous 
permutation of rows and columns such that 


0 A, O---0 
0 O As--- 0 


Ap 0 0-0 


The necessity of a condition involving acyclicity for the fact that a nonnegative irreduc- 
ible matrix cannot have a nonnegative inverse was pointed out to me by Professor 
Morishima. 

® A final observation on the dynamic input-output system is that if the system for the 
determination of output levels (4.3) has nonnegative solutions for all nonnegative initial 
conditions, the dual discussed by Morishima and Solow [34, 43] cannot have such solu- 
tions. The proof is as follows: If the output system has nonnegative solutions for any 
nonnegative initial conditions not zero, it is relatively stable. Then by the dual stability 
theorem [26], the dual is relatively unstable and therefore has solutions which have 
negative components for nonnegative initial conditions, not zero. Of course, this dual 
stability theorem does not hold for the open system. 
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It is possible to derive a multi-sector analogue to the Samuelson- 
Hicks model of the trade cycle along the lines suggested by Allen 
{1, (864)]. The marginal propensity to consume is replaced by an 
input-output matrix. and the stock-flow coefficient by a stock-flow 
matrix. Let z(t) be a vector with components equal to the level of 
output in each sector. The system may be written in the form 


(4.1) a(t) ui ™ +B | ine >| ‘ lo | 

a(t — 1) I 0 a(t — 2) 0 
Applying Theorem 2, it is easily seen that the condition B>0 is 
sufficient to imply that solutions to (4.1) cannot be nonnegative for 
all nonnegative initial conditions. 

A number of alternative versions of the consumption function have 
been combined with the lagged accelerator to form a model of the 
trade cycle. Two examples will be discussed. Consumption is a frac- 
tion of the current period’s income, Az(t), and consumption is some 
weighted average of the previous two periods’ incomes, A,x(t — 1) + 
A,x(t — 2). The resulting models are 


42) a(t) = (I — A)" Ba(t — 1) — UI — A)“ Ba(t — 2) + UI — A)"'y(t) , 
“" a(t) = (A, + B) a(t — 1) + (A, — B) a(t — 2) + y(t). 


In the first case, if autonomous expenditure is nonnegative, the non- 
homogeneous term is nonnegative, since for A an input-output matrix 
(J — A)", if it exists, will be nonnegative. But —(J — A)"B is non- 
positive and not zero, so that the first model cannot satisfy the condi- 
tions for nonnegativity given by Theorem 2. In the second case, the 
conditions of Theorem 2 are satisfied if and only if A, > B, that is, 
if and only if the marginal propensity of each sector to consume from 
each other sector with respect to its own output, two periods previous, 
is greater than the corresponding stock-flow coefficient for the output 
of that sector. This condition appears to be economically implausible. 

Essentially the same analysis can be applied to the various distributed 
lag consumption and investment models discussed by Hicks [24, (182 
et seq.)] and by Allen [1, (228-39)]. It will suffice to consider Hicks’ 
‘basic equation,’’ which may be written 


~ —1 
(4.3) i= Do ait “s 2 b(2.-, — %-s-1) + ¥: 


where the coefficients a,,b; are consumption and stock-flow coefficients, 
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x, is the level of output in the current period and y, is the level of 
autonomous expenditure. This system can be rewritten in matrix 
form as 


a, | a+b, a,+6,—b, ++ a, — by-1 | Vyny Yu: 
z,-, | 1 0 ee 0 | So. 0 

(4.4) ad oat . . . > bi hs 
| Boxers | 0 0 vee 0 ||%-, 0 








Theorem 2 may be applied to demonstrate that the system has only 
nonnegative solutions if and only if 


¢,+6,256.,, (t = 2, +++, p —1) 


4.5 
> a,>6,.,. 


The economic interpretation of the first set of conditions is that the 
marginal propensity to consume with respect to the income of the ith 
period must be greater than or equal to the difference between the 
accelerator coefficient associated with changes in output of the succeed- 
ing period and the coefficient associated with current changes in out- 
put. The second condition is simply that the final term in the series 
of consumption coefficients must be larger than the final term in the 
series of accelerator coefficients. If the effects of past income levels 
on consumption die out before the effects of such income levels on 
investment, these conditions would be violated. 

If the conditions required for nonnegativity are satisfied, it may be 
observed that the matrix (4.4) is a nonnegative irreducible matrix; 
there is a unique, simple, positive characteristic root associated with 
a positive characteristic vector; furthermore, if }>?a; <1, the modulus 
of this characteristic value is less than one. There are no roots of 
the system with modulus greater than or equal to one, and the pos- 
sibility of progressive equilibrium described by Hicks [24, (183)] is ruled 
out. The system (4.4) approaches a stationary state in essentially the 
same way as an ordinary dynamic multiplier like that of Solow [44] 
or the distributed lag multiplier described by Hicks [24, (180-82)]. A 
multi-sector analogue of the general distributed lag model is easy to 
formulate; the conditions required for nonnegativity of solutions are 
analogous to those of the second system (4.2). 


5. THE CAPITAL STOCK ADJUSTMENT MODEL 


The most significant difference between the older multiplier-acceler- 
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ator models and the models proposed by Smithies and Duesenberry is 
that in the latter investment is determined by income and capital 
stock. There are important analogies between the complete models 
considered by Smithies and Duesenberry [2, (46-50)]; however, a dif- 
ference in the formulation of the consumption function turns out to 
be critical for the existence of nonnegative solutions. To begin the 
analysis, we consider Duesenberry’s model, given by investment and 
consumption functions 


I, = ayY,..—BK,..; a@,8>0; 


(5.1) C,=aY,-,+6K..; @,6>0; 


together with identities in income and capital stock 


Y,=1,+C,; 


(5.2) K,=1,+ K,..—R8; 


where J,, C, are investment and consumption, Y,, K, are income and 
capital stock, and R, is physical depreciation, assumed to be a constant 
proportion of capital stock 


(5.3) R,=kK,.; 0<k<1. 


Since investment and income are measured gross of depreciation, each 
must be nonnegative. It is easily seen that capital stock must also 
be nonnegative. 

The model proposed by Smithies consists of two phases, each of 
which is linear; the complete model is piece-wise linear. The linear 
model for the first phase associated with expansion is analogous to 
that of Duesenberry.” To show this, we consider Smithies’ invest- 
ment and consumption functions with time trends omitted 


I, = (8: + 8: + B)Vi-1 — 8:0 K-41; By Bs By o> 0; 


5.4 
“ C,=(l-—a,+@)¥%,; @,a,>0. 


This system may be compared with equations (5.1); the principal dif- 
ference is that capital stock does not enter the consumption function. 
The system is completed by two identities in income and capital 


‘© To facilitate comparison with the Duesenberry model, Smithies’ variable Yr, full 
employment income, is transformed to K, capital stock, using the relation Yr = cK, 
where o is Domar’s coefficient [2, (47)]. In what follows, D, represents depreciation and 
D, extraordinary obsolescence [42, (21)]. The parameters 6; and 4: are the corresponding 
rates of depreciation, where depreciation is calculated by the declining balance method. 
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Y, = I,+C,, 
K, = f,- + Ki-; = *(D, + D,) ’ 


(5.5) 


where D, + D, corresponds to depreciation. The second identity may 
be written 


(5.6) K, — | Pan + K,-, - (6, + §,)K,- + o Y,-; . 


The complete system reduces to 





7, B, + B, — B,; —Bo , a 
a, — a, a,— a, 
(5.7) = 5 
K, ma ah 1 — 6, — 8,| | K,-, 


Applying Theorem 2, it is evident that since either the first or second 
coefficient in the first row of the matrix in (5.7) must be negative, 
Smithies’ first phase model cannot satisfy the requirement that solu- 
tions be nonnegative for all nonnegative initial conditions. 

Since the model is piece-wise linear there are implicit restrictions on 
the initial conditions. There remains the possibility that a given set of 
initial conditions would dictate a change of phase. Hence the second phase 
of the model must also be examined. The complete system becomes 


y, By —Bo Y,., att % 
a, a, a, 
(5.8) = 8 ++ » . 
K, a, + = 1—6,— 4, || Kia —a,Y 


Applying Theorem 2 as before, it is clear that the second phase does 
not satisfy the conditions required for nonnegativity; in particular, it 
is always possible to choose a level of excess capacity sufficiently high 
so that the actual level of income is negative in the succeeding period, 
applying either the model of phase one or that of phase two. The 
model which should be applied depends not on the initial conditions 
alone but on whether the initial value of income is the highest ever. 

A multi-sector version of the capital stock adjustment model has 
been given by Duesenberry [11, (222-25)]. A single consumption func- 
tion of essentially the same form as (5.1) is given by 


(5.9) C,=aY,.+ > b.K; 4-1, 
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where K;, ,-, is the capital stock in the ith sector. Individual investment 
functions are provided for all sectors: 


(5.10) [,,=@l%4.—-8: Kis, (t=1,+++,n), i, =1, 


t=1 


where J, , is gross investment in the ith industry and /;>0 is a 
constant of proportionality. Finally, there are two sets of identities 


¥=G+>Dh., 
K..=Let+ Kies, ((=1,+++,n), 


(5.11) 


where R,, is the physical depreciation in the ith industry, assumed 
proportional to the capita: in that industry 


(5.12) : R= kh Kia, ((=1,+++,m). 
The complete system may be written in the form 


~ 


Y, fata b,-—8, b—f, +++ 6-8, Vf Yin 4 

| « al, 1-—£8,-—k, 0 see 0 Be oe 
(5.13) K, |=| al, 0 1 — B, — k,es- 0 Ky i |- 

Kate abe 0 +01 — By — ke | Kes 




















Necessary and sufficient conditions for nonnegativity of solutions to 
(5.13) are 


514 =| B G=1 
(5.14) 1 Bo +k,|’ >= ,eee,M). 


If the conditions for nonnegativity (5.14) are satisfied, the matrix 
in (5.13) is nonnegative. If, in addition, the elements of the top row 
are positive, the matrix is irreducible. A nonnegative irreducible 
matrix has a uniquely positive characteristic vector associated with a 
positive, real, simple characteristic root largest in modulus of all the 
characteristic values of the matrix. The vector may be interpreted 
as the equilibrium proportions between the capital stocks held by each 
sector and the output of the economic system; the characteristic value 
is the long-run equilibrium growth factor. Clearly, the corresponding 
uniquely positive solution of the system is relatively stable so that, 
asymptotically, the movement of the economic system is characterized 
by balanced growth (or decline) at a constant rate of growth. The 





MULTI-SECTOR DYNAMIC MODELS 289 


rate of growth may be calculated by subtracting unity from the 
equilibrium growth factor. 


6. IRREVERSIBILITY OF CAPITAL ACCUMULATION 


Nonlinear relationships play an important role in extensions of the 
multiplier-accelerator models discussed in the previous sections. Specif- 
ically, irreversibility of capital accumlation has been discussed by 
Leontief [33], Hicks [24], Duesenberry [12], and Smithies [42]. In this 
section the existence of nonnegative solutions for the piece-wise linear 
model of Leontief will be investigated. 

The possibility that the ordinary dynamic input-output system may 
generate negative output levels has led to many attempts to augment 
the ordinary system with certain additional relationships. In particular, 
Dorfman, Samuelson, and Solow [10, (335-45)] have interpreted the 
system as a model of optimal capital accumulation. An alternative 
proposal, made by Leontief [33, (68-76)], is to imbed the ordinary 
system in an augmented system in which capital accumulation is 
irreversible. As Leontief points out, the augmented system may be 
inconsistent. The problem of consistency has been discussed by Uzawa 
[45] and McManus [35]. It will be shown that for the augmented 
system there always exist economically meaningful initial conditions 
for which inconsistency will occur and that Leontief’s proposal cannot 
surmount the difficulties associated with solutions having negative 
components for nonnegative initial conditions. 

To begin the discussion, we follow Uzawa’s lucid interpretation of 
the augmented dynamic input-output model. If all stocks are irrevers- 
ible the model is given by the following system of differential equa- 
tions: 

(6.1) (I — A)x = B® max(Z, 0), 
where B® = 0 is a matrix with elements }?, such that 


, (6,, if s,, = 5,,2,, 
(6.2) mT: | 0 otherwise . 
b,, is an element of B, a stock-flow matrix; xz, is an element of the 
vector x of output levels; s,, is the stock of the ith commodity held 
by the jth industry: and max (.¢,0) is a vector with elements, max 
(z,,0). If the initial output and stock levels are denoted x(0), S(0), 
output must be less than capacity: 


(6.3) Bidiag x(0)] S S(O), 
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where diag z(0) is a diagonal matrix with elements 2,(0); furthermore, 
the usual nonnegativity conditions must be satisfied, 


(6.4) x0)>0, SO)SO. 


S(0) > 0 is implied by (6.3) and the condition that 2(0) > 0 if at least 
one of the commodities corresponding to strictly positive elements of 
2(0) cannot be produced without stocks. Any set of initial conditions 
2(0), S(O) satisfying (6.3) and (6.4) will be said to be economically 
meaningful. 

A second set of relations, not given by Uzawa, completes the aug- 
mented dynamic input-output system 


(6.5) S = B° (diag [max (2, 0)]) . 


If all stocks are irreversible, stock levels are constant unless s,, = b,,~,, 
and z, > 0. 

For this model, we have the following result: For any augmented 
dynamic input-output system, if at least one off-diagonal element of 
A is not zero, there exist economically meaningful initial conditions 
x(0), S(0), for any B° such that there is no solution to the augmented 
dynamic input-output system.” 


ProoFr: Suppose a,,>0, i+ Jj; then by Lemma 1, there is a vector 
z2*(0) > 0 so that (J — A) x*(0) has at least one negative element. For 
fixed B®, choose S*(0) so that s{,(0) = bi, x5(0) if bi, = b,,, and s7,(0) > 
b?, 24(0) otherwise. Clearly, +*(0) and S*(0) comprise an economically 
meaningful set of initial conditions. 

Since B°>0O and max(z,0)20, B’max(z,0)20. Hence, for 
initial conditions «*(0), S*(0) the equality in (6.1) cannot hold. 

The interpretation of this theorem is that for any of the possible 
‘‘phases’”’ of Leontief’s dynamic input-output system there are econom- 
ically meaningful initial conditions, nonnegative, for which no solution 
to the system exists. In Uzawa’s formulation of the dynamic input- 
output system, it is assumed that all stocks are irreversible. For the 
general augmented dynamic input-output system, the relation (6.2) 
holds only for irreversible stocks. However, the usual causes to which 
the irreversiblility of capital accumulation is attsibuted—technical 
irreducibility as in*the case of land or buildings or nontransferability 
as in the case of equipment and inventories—would imply that if a 
stock is irreversible in one sector, it must be irreversible in all others. 
It is easily observed that the proof just given goes through provided 


‘* The form of the result and method of proof are due to Professor Morishima. 
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that there is just one commodity which is irreversible as a stock in 
every industry if the commodity is used as an input on current account 
in any industry except the industry which produces it. In such a 
ease, there are economically meaningful initial conditions for which no 
solution to the system exists. 
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THE STRUCTURE OF MULTIPLIER-ACCELERATOR MODELS 
OF THE UNITED STATES ECONOMY, 1909-1951* 


By R. J. BALL AND EUGENE SMOLENSKY' 
1. INTRODUCTION 


It 18s a little over twenty years since Sir Roy Harrod [9], in a 
pioneering article, laid down the foundations of a great deal of theo- 
rizing about economic growth and cyclical fluctuations. Professor 
Samuelson [19] and Professor Domar [2] may also lay claim to be 
among the founders of this type of theory, the former through his 
recognition of the super-multiplier principle and the latter through 
his independent statement of the conditions for steady growth, which 
parallel those formulated by Harrod. 

Since these initial impulses, developments have been pursued by 
Professor Hicks in the field of business cycles [10], Professor Smithies 
on the link between cycles and growth [20], Professor Leibenstein in 
the field of economic development [16] and many other contributors 
too numerous to mention. 

In models of the Hicks-Smithies-Leibenstein type the numerical values 
of the structural parameters assume key importance. Professor Hicks, 
for example, accepts the hypothesis that the structure of his multiplier- 
accelerator equation is such as to generate explosive cycles bounded 
by the restraining influences of the ‘‘floor’’ and the ‘‘ceiling’’. Pro- 
fessor Smithies examines the behavior of his model under the assump- 
tion that the roots of the system are complex, leading to a steady 
cyclical path. The essential point is that the dynamic properties of the 
models turn on numbers that the theorist himself thinks ‘‘reasonable’’. 

Since the theoretical models call for ex ante information, it is 
virtually impossible to derive, from empirical evidence, numerical 


* Manuscript received February 13, 1961. 

1 Mr. D. J. Coppock and Professor J. Johnston of the University of Manchester and 
Professor L. R. Klein of the University of Pennsylvania kindly read an earlier draft of 
this paper, and we have benefited from their comments. We are indebted to the Com- 
puter Center of the University of Pennsylvania for computation facilities and assistance 
at various stages, and to Miss Sheaung Huang, who shared the burden of computation. 
We also wish to express our gratitude to the New York Life Insurance Co., which pro- 
vided funds for the completion of the study. The work was undertaken while the authors 
were respectively International Business Machines Fellow and Fels Fellow at the Uni- 
versity of Pennsylvania. 
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parameters that can be identified with the algebraic coefficients of the 
theoretical models. In some cases the models postulated are thought 
to be only partial explanations of variations in the level of output 
and employment. Professor Smithies has carefully limited the applica- 
tion of his model to only a few of the economic fluctuations that have 
taken place in the United States over the last 50 years or so, and it 
is easy to sympathize with the view that there are several different 
kinds of fluctuations that may result from the particular behavior of 
the individual components of gross investment: Investment in plant 
and equipment, residential construction, and inventories, for each of 
which an alternative kind of model can be developed. 

Yet, as best he can, the empirical worker and the policy maker 
must apply the theories at hand to interpret changes in the data 
available and make predictions as to the future course of events. 
This paper constitutes such an effort, an attempt to look into the 
results of applying some simple models of the multiplier-accelerator 
type to time series data for the United States over the period 1909- 
1951’. We have drawn on the body of existing theory in specifying 
the models considered, and the numerical estimates obtained may be 
suggestive, even if a one-to-one relationship with the theoretical 
models cannot be achieved. 

The approach pursued below has evolved in response to several 
distinct objectives. First, we wanted to deal with simple models that, 
formally at least, bear a reasonable resemblance to theory. Multiplier- 
accelerator models have characteristically been stated in real terms, 
and the link between the real and monetary sectors, despite the work 
of Professor Hicks, has never been clearly established. ll price 
effects and monetary variables have, therefore, been excluded from 
the analysis, and the relationships are postulated in real terms. The 
relationships have been made linear, which is also in keeping with 
this objective. Secondly, the aim has been to construct small models 
whose underlying logic is relatively clear and whose dynamic properties 
are fairly easy to examine. This does not necessarily imply that the 
models as a whole can be described as linear (e.g., Hicks’ model is 
essentially nonlinear although his basic formulation is in linear terms). 
Indeed a significant nonlinearity is introduced in a rather crude way in 
the analysis below. 


2 We may record that this work had its roots in some discussion not of multiplier- 
accelerator models as such, but of economic growth inspired by Domar’s observations 
[3] on an econometric model of economic growth. The growth aspect is by no means 
obliterated in what follows since in a naive way some allowance is made for shifts in 
productive technique and the growth of population. 
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Criteria for the ‘‘successful’’ application of forms of the multiplier- 
accelerator theories are not easy to come by, however. Initially, 
statistical criteria as to the goodness of fit, the reliability of the 
parameters, the character of the residual disturbances, and so on may 
be applied to the individual relationships. However the difficulty with 
these tests is that other simple models with alternative underlying 
hypotheses can probably be found that will in some sense ‘‘fit’’ the 
data about as well as the one which we have tried. We cannot test 
the conditional hypothesis on which the statistical analysis becomes 
based*®. A further test that is intuitively appealing is that of predic- 
tion. The sample period employed in this study covers the years 1909- 
1951, and predictions have been made on a year-to-year basis for the 
period 1952-1957. Such a test is open to the same objection as the 
first. But it is at least suggestive. In pursuing economic analysis for 
the purpose of economic forecasting, we may at least hope to distin- 
guish pragmatically between competing theories applied to aggregate 
data. A final relevant consideration is the kinds of dynamic behavior 
that the estimated structures imply. The sample period is one of 
considerable interest, for it includes a fairly ‘‘representative’’ collec- 
tion of cyclical fluctuations imposed upon an overall trend of economic 
advancement. With regard to the possible patterns of dynamic be- 
havior that models provide when estimated from this period, it becomes 
interesting to see whether the statistical parameters lead to explosive 
or damped behavior, each of which has its own set of assumptions in 
economic theory. 


2. GENERAL FRAMEWORK 


We may at the outset establish a general background or framework 
within which the equations of the models are specified. A distinction 
is drawn between the actual output of the economy at any moment 
of time and the capacity level of output, where output is the gross 
national product of the United States in constant dollars. Capacity 
output is defined to be the output that is attainable when all the 
factors of production are fully employed‘. The maximum output of 
the economy is assumed to grow at a rate dependent on the rates of 
growth of the two basic factors of production, labor and capital, and 
shifts in productive technique due to technological change. The ‘‘state 


* For some discussion of this problem see Theil [22]. 

‘ In our simple structures there is no distinction made between full employment and 
capacity output. This distinction may become significant in certain contexts, e.g., the 
analysis of price level changes. For a discussion of this distinction see Smithies [20]. 
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of the arts’’ and aggregate factor supply determine in any period the 
ceiling level of output for that period, while the actual level attained 
depends on the volume of aggregate demand. As long as the level 
of demand output is less than the ceiling level the system works along 
the lines of the familiar expenditure models, but should demand output 
exceed the maximum output tne ceiling restriction comes into play. 
Excess demand exisis, which forces a change in the structure of the 
system. In the models developed below this situation is met by 
switching equations at the crucial point, and the system thus varies 
depending upon whether the ceiling has been reached or not. The 
switching equation device pieces together linear segments to approx- 
imate a roughly hyperbolic function. 

The rate of growth of capacity output depends on the rates of 
growth of capital and labor and technological change. This means 
that given the rate of technical progress the growth of the ceiling 
depends on the rate of investment and on the rate of growth of the 
labor force; the latter in turn bears a close relation to the increase 
in population. The demand level of output depends on the volume of 
aggregate spending broken down into the main components of con- 
sumption, investment, expenditures by government, and net foreign 
investment. 

In the present models we have introduced population, government 
spending, and a proxy variable for technology as the key exogenous 
variables. Net foreign investment has also been assumed to be ex- 
ogenous, but this is of relatively minor significance. This step will 
doubtless meet with a certain amount of opposition, with which we 
are in most part sympathetic. We are aware, for example, that the 
growth of population in the United States may be both a result as 
well as a cause in the overall growth process, and that technological 
progress hardly falls ‘‘like the gentle rain from.heaven’’. We did 
not feel, however, that we could give these problems adequate treat- 
ment. It is assumed below that changes in technology affect only 
the production relationship, i.e., the supply side of the system. Govern- 
ment outlays affect the supply side of the system to the extent that 
the government spends on capital goods and affect the demand side 
generally by influencing the volume of spending. Population is assumed 
to affect both demand and supply, the former through its effect on 
the volume of spending and the latter through its effect on the supply 
of labor. 


Within the broad framework outlined, the process of model building 
takes shape immediately. On the one hand, it is necessary to deter- 








298 R. J. BALL AND EUGENE SMOLENSKY 


mine the aggregate volume of spending, breaking that spending down 
into such components as may be thought desirable; on the other, to 
set up equations for factor demand to determine the level of employ- 
ment of the factors of production. 


3. THE MODEL 


As indicated, output is taken to be gross national product, while the 
factors of production are taken to be labor and capital, the latter in- 
cluding all forms of capital whether privately or publicly owned except 
for foreign investments, land, and monetary gold and silver. Labor 
is measured in man-hours worked including the work of the armed 
forces. 

A simple linear combination of these two factors is hardly adequate 
for interpreting the growth of output over the sample period. One 
would suppose that during the last fifty years or so substantial changes 
in technology have had their effect in increasing the overall productivity 
of factor inputs, for both output per man-hour and output per unit 
of capital employed have risen markedly’. It goes without saying 
that the problem of measuring or accounting for this technological 
change is fraught with difficulty, and a thorough job falls outside the 
scope of this paper’. It has been assumed that technical change has 
been essentially neutral in character and that it has taken the form 
of upward shifts in the constant term of the linear production func- 
tion. The problem is to determine the extent of that shift. 

The simplest way of approximating the shift is to fit a trend to- 
gether with the factor inputs. The objection to this procedure, apart 
from the fact that it represents a confession of ignorance, is that it 
fails to take account of the possible ebb and flow of technical change, 
and assumes that it spreads over the years at a constant rate. There- 
fore, one is prompted to look for other variables that might be used. 
Two possibilities were considered, the use of some measure involving 
patents and a measure of education. The first case, a proxy for the 
state of technical knowledge, was obtained by cumulating patents 
granted. Once a patent is taken out the knowledge it involves passes 
permanently into the ‘‘state of the arts’’. The second measure, which 
was the number of school days attended, is a measure of the diffusion 
of technical knowledge. 


* The decline in the overall capital-output ratio is the more interesting in view of the 
assumption sometimes made about the constant proportions of capital to output, and 
the great efforts that have gone into explaining its constancy. 

* Professor Solow's paper (21! represents one of the few contributions in the field. 
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Many of the difficulties involved in using these measures are obvious 
ones. The usefulness of the patents measure depends very much on 
the extent to which patent protection is sought, and there seems to 
be some evidence that such protection is coming to be less in demand. 
Futhermore, the measure weights each patent equally, a very dubious 
procedure. As for the measure of education, it makes no allowance 
for the distinction between deepening and widening aspects in a growing 
population. 

Equations (3.1) through (3.3) are the precise forms which were 
estimated. 


(3.1) (Y + D), =@,+ a4, Ki + a(N hy), + Gt + Uy, 
(3.2) (Y + D), =a@’,+a’,Ki + a'( Noho) + a’, + Us , 
(3.3) (Y + D), = a", + aK? + a"(N hy), + OT, + Ux, 


where Y = net national product in 1929 dollars, 
D = depreciation in 1929 dollars, 
K* = employed stock of capital in 1929 dollars, 
(N,h,,.) = man-hours worked, 
t = time, 
E = school days attended, 
T = cumulated stock of patents, 
u = random disturbance. 


Depreciation or capital consumption is assumed to depend on the level 
of net national product and the current stock of equipment. Thus we 
have 


(3.4) D, = Bo + BiY, + BK, + Uy, 


where 
K = total stock of capital in 1929 dollars. 


In the absence of factor prices (excluded by our terms of reference) 
there appears to be no satisfactory way of determining the demand 
for capital services. It will be clear later that as long as the demand 
level of output is below the capacity or ceiling level, the production 
function sets the labor requirement, with the demand for capital de- 
termined independently. An empirical solution was adopted by relating 
the level of employed capital to the existing total stock (the supply) 
and the current level of gross national product (the demand) which 
gives the relation 
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(3.5) Kt=%+%7(Y + D), + 1K, + Un , 


where Ki < K,. 

To complete the supply side of our models we require an equation 
for the supply of labor. The main force affecting the long run growth 
of the labor input has undoubtedly been the increase in the level of 
population. In the short run, variations in the real wage level may 
have some effect on changes in the labor force, although the expected 
direction of influence is by no means clear. 

Finally, we introduce a trend to adjust the influence of the popula- 
tion variable for changes in average man-hours worked per week. 


(3.6) (Nhs), = 85 + 8,N, + 5,0, + Sst + Uy , 
where 


(N,h;) = labor force in man-hours, 
N = population, 
w = real wage. 


The expenditure side of the models presented in this paper consists, 
autonomous factors apart, of the consumption and investment equa- 
tions. There are two identities 


(3.7) (Y+D),=C,+1,+G6,+F,, 
where 


C = consumption in 1929 dollars, 

I = gross private domestic investment in 1929 dollars, 
G = government expenditures in 1929 dollars, 

F = net foreign investment in 1929 dollars, 


(3.8) K,=K,.,+1,+(,),—D,., 
where 


I, = government investment expenditures in 1929 dollars. 


The expenditure equations form the heart of the system examined 
below, as they do in nearly all of the theoretical models of cycle and 
growth that have been developed since the General Theory. 

Four consumption functions were fitted to the data. Two reflected 
the influence of the respective Duesenberry [4] and Friedman [7] 
hypotheses that are more commonly referred to as the relative and 
permanent income hypotheses. For the relative income hypothesis we 
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write 
(3.9) Cy =A +MY, + mY, + AsV, + Uy, 
where 


Y = highest previous level of net national product. 


To represent the permanent income hryothesis, we adopt a relation 
suggested by Koyck’s type of distributed lag’ 


(3.10} Cy, = Not MY, + VN, + V'C,-; + Uy « 


Liquid assets were excluded by the terms of reference, but lagged 
capital stock was included in one trial as a proxy for wealth’. 


(3.11) eM GENTLY, +N, + "Ki + Uy . 
Finally, it is interesting to compare the very simple formulation 
(3.12) C, = te + Ns vA + Ww" —N, + Uro.2 . 


The investment functions were derived from certain generalizations 
of the acceleration principle, embodying the belief expressed by Mr. 
Knox that ‘‘--- there is a strong element of truth in the accelera- 
tion principle, namely that the amount of entrepreneurs’ investment 
is governed in some measure by a comparison of the output he can 
most efficiently produce with his existing plant and the output at 
which demand conditions now justify him in aiming.’ A variety of 
functions were experimented with, but the following three proved 
most interesting. 


(3.13) I, = + wY + D), + PKs + Un. es 
(3.14) I,= M+ w(Y + D), + L(Y + DD) + [Ky + Uae» 
(3.15) I=pee+ei(Y + D) + wha + us, - 


The first of these is the standard form of the generalized accelerator, 


? For the relation between this function and the permanent income hypothesis see the 
paper by Klein [15] 

8 There is a great deal more to be said about asset effects that cannot be taken up 
here. Professor Duesenberry would like to include the stock of capital as a proxy to 
take into account distributive effects. Compare [5]. 

® Knox [11] p. 292. Economy of space prevents an extended discussion of the accelera- 
tion principle and the derivation of the functions employed in this paper. Knox [II] 
has admirably surveyed the field, and his paper provides the key references before 1952. 
Further general discussion may be found in the recent works of Matthews [17] and 
Duesenberry [5]. 
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where it is assumed that 0 < 4,<1. The second is a modified version 
of this relation with a different transformation from expected to ex 
post data, while the third reflects an adaptation of a ‘‘permanent 
profit’? hypothesis derived from an initial distributed lag function of 
the Koyck type. 

A more detailed study of the theory underlying (3.13)-(3.15) would 
reveal that it is quite likely that expectational and monetary phenomena 
have been inadequately treated. To the extent that expectations are 
formed independently of the explanatory variables, the sample residuals 
are likely to exhibit a cyclical pattern. In good times expectations 
will tend to increase the volume of investment over and above the 
level justified by the explanatory variables, and vice-versa in depres- 
sion periods. The cyclical role played by monetary phenomena is ex- 
cluded by the terms of reference, so that putting these two things 
together, there is an a priori expectation that the residuals of the in- 
vestment equations will reflect certain systematic elements as well as 
purely random disturbances. 


4. NUMERICAL ESTIMATES 


In this section we present the results of statistical estimation of the 
relationships presented above. Initially, screening of the equations 
was carried out using the familar technique of classical least squares. 
However, once the equations presented in this paper were decided 
upon, the parameters were reestimated using the method of two-stage 
least-squares that has been developed and popularized by Professor 
Theil [22]. Briefly, this method involves estimating the least-squares 
regression of each endogenous variable in the system on a set of 
predetermined variables." Computed values of the endogenous varia- 
bles from these unrestricted reduced forms are then substituted back 
into the original structural equations, and the parameters of these 
equations are then estimated by re-applying the least-squares technique. 
Estimates obtained in this manner have the property of consistency 
that is lacking in the case of least-squares applied to individual equa- 
tions within an interdependent economic system. 

The estimates of parameters were based on a sample of observations, 
1909-1951 by years. The war years 1917-1919 and 1942-1945 were 
excluded on the grounds that these were exceptional periods whose 


‘© The predetermined variables used in this study were the level of tax and nontax 
payments, lagged gross national product, population, government spending, school days 
attended, lagged consumption, lagged excess capacity (K:-; — K*;-;), cumulated patents 
and lagged nonwage income. 
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inclusion might yield untenable results in peace-time years. Sampling 
errors and coefficients of multiple determination corrected for degrees 
of freedom are presented for the equations given below. The value 
of the statistic 5’/S* (Neumann ratio) is also given for each equation; 
the breaks in the sample period (in time) necessitated a minor adjust- 
ment to the method of calculating this measure. 

Estimates of the production functions (8.1) and (3.3) led to reasonable 
results, but estimates of (3.2) did not. The introduction of the educa- 
tion measure turned the coefficient on labor input negative. The 
precise results obtained with (3.1) and (3.3) were 


(4.1) (Y + D), = —78.69 + 0.311K7 + 0. i he), + " a: 
(4.15) (0.017) (0.07 


i = 0.95, ors = 0.83 , 


(4.2) (¥ + D), = —80.90 + 0.262Ki + 0.697(N,A.), + . _ 
(4.16) (0.018) (0.078) 


R* = 0.95, var = 0.81. 


As might have been suspected, goodness-of-fit is relatively high, but 
the low sampling errors must be viewed with a certain amount of 
caution as guides to the stability of the estimates. Multicollinearity 
is present between capital and labor, which is masked by the good- 
ness of the fit, and so is not reflected in the sampling errors. Further, 
the value of the Neumann ratio indicates a high probability of first 
order autocorrelation in the residuals. It is possible that this auto- 
correlation is due to the fitting of a linear form to what may in fact 
be a nonlinear relation. In view of this suspicion and the relatively 
good fit no attempt was made to improve the estimates by applying 
some appropriate tranformation and reestimation procedure. 

Estimation of the depreciation equation gave the result 


(4.3) D, = —6.28 + 0.027Y, + 0.045K,, R*? = 0.96, 5/S*= 0.65. 
(1.69) (0.016) (0.010) 


The capital utilization equation was estimated to be 
(4.4) K* = 75.98 + 0.36K, + 0.98 (Y + D),, 
(1.82) (0.013) (0.017) 
R* = 0.89, 8/S* = 0.438 


Again, the fits are quite good, but the degree of autocorrelation in 
residuals is marked. As in the case of the production function, we 
suspect that this arises from the use of a linear approximation rather 
than from the omission of key variables. 

In the case of the labor supply equation, the real wage added 
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nothing to the equation, and the trend took on the wrong sign, 
leaving us with the simple relation 


(4.5) (N,h,), = 45.75 + 0.638N, , R? = 0.90, 57/S? = 0.99 . 
(7.77) (0.126) 
Estimating the consumption functions we found the following equa- 
tions: 
(4.6)  C,= —22.35 + 0.560Y, + 0.054Y, + 0.360N, , 
(6.72) (0.049) (0.064) (0.080) 
R? = 0.99, 8/S* = 2.05, 


(4.7)  C,= —18.72 + 0.467Y, + 0.301N, + 0.224C,_, , 
(7.65) (0.108) (0.111) (0.190) 


R* = 0.99, 5/S* = 2.08 , 
(4.8)  C,= —24.34 + 0.558 Y, + 0.276N, + 0.054K,_, , 
(6.08) (0.044) (0.014) (0.044) 
R* = 0.98, 8/S* = 2.19, 


(4.9) C,= —30.80 + 0.569Y, + 0.454N,, R* = 0.99, 3/S*= 2.0. 
(2.04) (0.011) (0.025) 


There are several features of these estimates that are worth com- 
menting upon. In all cases, as we might have anticipated with time 
series, the fits are remarkably good, as measured by the values of R’, 
and in contrast to most of the supply side equations, first-order serial 
correlation can be ruled out with a high probability, given the sample 
size (36). In the case of three of the four equations the values of 
the propensity to consume out of current income are quite close as 
point estimates. If we take the sampling variances of parameters into 
account, we cannot say that there is any significant difference between 
thom. The same applies if we extend this to the marginal propensity 
to consume of (4.7) although this is quite a different point estimate. 

Another outstanding feature of the estimates is the small contri- 
bution made by the particular variables suggested by the hypotheses 
referred to in Section 3. The extent to which this is true can be 
seen immediately by simply comparing (4.9) with the other equations. 
Equation (4.7) offers a different set of point estimates, but they are 
apparently slightly less efficient, due probably to the higher degree 
of multicollinearity that results from including lagged consumption.< 

Speaking quite empirically this result seems to be due to the inclu- 
sion of population as an independent variable. The permanent and 
longer run effects that in many models have been absorbed by Y and 
C,., were soaked up by the population variable, which provides the 
trend in consumption around which fluctuations are explained by 
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variations in the level of current income. 

Some idea of the predictive power of these equations may be obtained 
by an examination of Table 1. In Table 1, computed values of these 
equations are presented for the period 1952-57, which lies outside the 
sample period. That is to say, the true values of the variables for 
these years have been inserted in the right hand side. In this way 
we obtain a set of residuals for the post-sample period. This suggests 
that we might test to determine whether these equations in some 
sense apply to the post-sampie period. A post-sample variance of 
residuals can be computed and this compared against the residual 
variance of the sample period by means of an F-test. We feel however 
that this procedure is not particularly useful in the present case. 
Tests of this kind for the consumption equations lead to the conclusion 
that there has been no structural change. An examination of the 
post-sample residuals for all the equations reveals however that they 
are highly serially correlated. In the early post sample years the 
residuals are all negative (i.e., the computed level is too high), and in 
the post-1955 years the reverse is true. Any test of structural change 
should properly take into account not merely the residual variances 
of different periods but also the presence of persistent patterns in the 
residuals. In the case of the consumption equations estimated here, 
we conclude that while the relative errors in the prediction of con- 
sumption in the post-sample period are gratifyingly small, the pattern 
of consumption is influenced by some systematic element (which may 
be simply structural change) that is not fully taken into account by 
our equations. 

Estimating the investment functions developed in the last section, 


TABLE 1 


PREDICTED AND ACTUAL VALUES OF CONSUMPTION 
ALTERNATIVE FORMULATION OF CONSUMPTION FUNCTION 
(Billions of 1929 Dollars) 

















wide Actual | Estimating Equation 

Value (4.6) | (47) (4.8) (4.9) 
1952 141.4 147.08 | 145.35 148.82 145.75 
1953 147.5 152.22 | 150.31 152.25 150.87 
1954 150.3 151.83 | 151.06 152.04 150.36 
1955 160.9 161.24 159.59 161.71 160.19 
1956 166.3 165.01 | 164.53 165.41 163.74 
1957 170.4 168.22 168.27 168.94 167.08 
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we arrive at the following results: 


(4.10) J, = 21.20 + 0.30(/Y + D), — o ae “4 
(1.68) (0.014) 


R?* = 0.59, 8/S* = 1.08 , 
(4.11) J, = 22.37 + 0.168(Y + D), + . nt + D),..— _ , 
(1.74) (0.033) 
R* = 0.58, Aes =1.13, 


(4.12) [= Oe ta? + Ob + Bee 
(1.92) (0.005) 
R* = 0.68, §/S? = 2.11. 


The first and most obvious feature of these estimates is the rela- 
tively low degree of correlation. The second is that in the case of 
equations (4.10) and (4.11) the probability that the residuals are auto- 
correlated at the first order level is large, and the value of the 
Neumann ratio for (4.12) suggests that the residuals in the original 
Koyck formulation would also show a high degree of first-order auto- 
correlation”. Both these features require comment. 

The relatively poor fits may be rationalized in two ways. One inter- 
pretation of the relatively low correlations for the investment func- 
tion is that. the volume of investment is subject to many small 
influences that show no systematic behavior; investment behavior is 
thus erratic and subject to much random influence. The objection to 
this interpretation here is that, given the values of the Neumann 
ratio, we cannot with confidence assume that the disturbance terms 
are random. This is related to the second possible rationalization of 
the low correlations, namely that they are low because we have failed 
to separate out all the systematic elements. 

We have already referred briefly to reasons for believing that two 
sets of forces may have been omitted from our formulations of the 
investment function, or at least they have not adequately been taken 
into account, namely, expectations and the monetary elements. 

The residuals of equations (4.10) and (4.11) are significantly auto- 
correlated, and in a broad way they are consistent with the hypotheses 
referred to. The residuals follow a cyclical pattern, being largely 
positive in prosperity and negative in depression. It seems plausible 
therefore to conclude tentatively on the basis of our results that the 
generalized acceleration principle as developed in this paper is capable 
of explaining some but not all of the systematic behavior of invest- 


“On the problem of autocorrelation in the estimation of a distributed lag function 
see Klein [13). 





MODELS OF THE UNITED STATES 307 


ment over the sample period. 

We are left then with the problem of patching up our investment 
relationships within the restrictions of our frame of reference, in partic- 
ular, to attempt to obtain random residuals for our investment func- 
tion. From a technical point of view, our parameter estimates are 
inefficient. The rationale of our estimating procedure requires that the 
disturbances should be nonautocorrelated if the sampling errors are to 
be taken seriously. 

We postulate that the current disturbance (in say (4.10)) is propor- 
tional to the disturbance of the previous period plus a disturbance 
that is non-autocorrelated. Using this relation we can then transform 
our investment function into a new equation whose disturbance term 
has the desired property. In particular, let 


I,=a,+a(Y + D),—@K,..+4,, 
and 
U, = Pu,_, + w,, E(w, = 0, E(w,w,_,) = 0, 140. 
The investment equation can then be rewritten 


I, — el,.. = a{1 — o) + a Y + D), — ao(Y + D),., 
— a,K,_, + a,0K,_, + w,. 


If we knew the true value of 9 we could then compute transformed 
variables J; = (J, — el,_,), ete. and estimate the a, However we do 
not have this information so that an estimate of @ must be obtained. 
In the present case an iterative procedure was followed to obtain 
joint estimates of 9 and the @;,”. An initial value of o was calculated 
from the sample residuals, substituted into the transformed equation, 
and the a, were estimated. Using the new set @,, we computed a 
new set of u’s, and reestimated o, proceeding as before. This process 
was carried out until the value of @ and the values of the @, stabilized. 
In the present case three iterations were pursued until the desired 
degree of stability was achieved”. The resulting final set of two-stage- 
least-squares estimates is given by 


(4.18) I, = 0.4981,_, + 7.217 + 0.265[(Y¥ + D), — 0.498(¥ + D),-.] 
— 0.088 [(K,-, — 0.498K,-.], 5/S* = 2.87 . 


18 For a discussion of alternative methods of estimating p see Klein [12]. 

18 Actually the estimates differed only marginally after the first round. The most 
striking feature was the stability of ». From the sample this was estimated to be 0.5. 
After three iterations its value was computed to be 0.498. 








308 R. J. BALL AND EUGENE SMOLENSKY 


It may be observed that a, has declined from 0.3 to 0.265, a, from 
0.124 to 0.088 and that the transformation has effectively reduced the 
serial correlation. 


5. EXTRAPOLATION TO 1952-1957 


Given the estimates presented above, we are in a position to set up 
complete models of the U.S. economy, complete in the sense that the 
number of equations and identities is equal to the number of endog- 
enous variables. For the purpose of making a set of ex post predic- 
tions, and a brief examination of the dynamic properties of such 
systems the following two models were adopted. 


Model I. 
C, = —18.72 + 0.467 Y, + 0.301N, + 0.224C,_, , 


= 0.498/,_, + 0.265[(¥ + D), — 0.498(¥ + D),-.] 
— 0.088[K,-, — 0.498K,_,] + 7.217 , 
D, = —6.28 + 0.0273 Y, + 0.045K, , 
(Y + D), = —75.90 + 0.262K¢ + 0.697(N.h,), + 1.33, 
Kt = 75.98 + 0.36K, + 0.98(¥ + D),, 
(N,h,), = 45.75 + 0.638N, . 


Model II. 
The same as Model I except that the investment function is replaced by 


I, = —4.0 + 0.07(Y + D), + 0.54/,-, . 
Both models include the identities 


K, = K,..+1,+ (,).—D,, 
(Y + D), 3C,+1,+G6,+F,. 


As far as the choice of models was concerned, the only real ques- 
tions that arose related to the choice of consumption and production 
function. The production function (4.2) was selected mainly because 
it was apparent that over time the measurement of technical knowl- 
edge by accumulated stock of patents was likely to give a substantial 
downward bias to the system since the practice of taking out patents 
apparently declined in a period of technical progress. As for the con- 


%* The form in which (4.12) has been estimated has removed the autocorrelation of the 
first order from disturbances. (4.11) can be treated as we did (4.10), but it was felt that 
nothing was to be gained in using (4.11) rather than (4.10) so tha: the following sections 
consider only (4.10) and (4.12) as possible investment functions. 





MODELS OF THE UNITED STATES 809 


sumption equations, our choice of equation (4.7) was largely dictated 
by preliminary computations which revealed the simple models to be 
very sensitive to the marginal propensity to consume out of net 
national product. The value of the marginal propensity to consume is 
of course of great importance in determining the size of the short 
run multiplier, and it appeared that (4.7) introduced welcome damp- 
ening into the systems considered. | 

From the models I and II we obtain ex post forecasts for the period 
1952-57. For the purpose of these particular computations, deprecia- 
tion was treated as exogenous in order to simplify the calculations. 
This does not materially affect the results, and a comparison with 
depreciation taken as endogenous is given for one of the models below. 

Before extrapolating beyond the sample period, some account was 
taken of the serial correlation of disturbances. As mentioned above in 
the case of one of the investment equations joint estimates were made 
of the first order serial correlation coefficient and the parameters of 
the equation. In other cases where the degree of serial correlation 
was high, the overall correlation was also high so that the problem 
of efficiency was not so serious. In those cases where the value of 
the Neumanr ratio was not considered acceptable, first order serial 
correlation coefficients were calculated for the relevant equations from 
the sample residuals, and then used to transform the equations for 
the purpose of forecasting. The computed serial correlation coefficients 
are given in Table 2. 








TABLE 2 
FIRST ORDER SERIAL REGRESSION COEFFICIENTS IN SELECTED EQUATIONS 
Equation First order serial regression coefficient 
(4.2) 0.579 
(4.3) 0.421 
(4.5) 0.522 
(4.11) 0.498 














It is worth stressing the fact that the values in Table 2 lend no 
support to the practice often followed (particularly by Professor Stone) 
of forming relationships among first differences of variables to remove 
serial correlation. This procedure assumes essentially that first order 
serial correlation coefficients are likely to be closer to one, in general, 
than to any other value. In fact, from this very small sample one 
might guess that one-half is likely to be much nearer the mark. 

It was pointed out earlier that the models discussed in this paper 
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have two forms, depending on the degree of capacity utilization. It 
can be seen that the expenditure equations of the models considered 
can be solved as an independent set. They provide the level of 
demand output, which is then put into the production function. This 
together with the capacity utilization equation enables the quantity of 
the factors employed to be determined. This procedure is, of course, 
valid only so long as the solution values Jor the employment of factors 
satisfy the basic restriction that the quantity of the factor employed 
must be less than or equal to the total amount of the factor available; 
i.e., the solution value of demand output must feasible if it is to be 
found in this way. In the event that the level of demand output is 
not feasible, excess demand is assumed to exist within the system, 
and the actual level of output is taken to be the capacity level. This 
necessitates suppressing one of the expenditure equations; otherwise 
the system is overdetermined. We chose to suppress the consumption 
function, in this case leaving consumption to be determined as a resid- 
ual from the gross national product indentity. In practice, prices 
would to some extent bear the burden of allocating the scarce resources 
among the competing demands of consumers, private investors, and 
government, but it seems reasonable to assume that the burden of 
adjustment will fall largely on consumers through a form of forced 
saving rather than on either of the other two. This implies that, 
other things being equal, an increase in real government outlays when 
the economy is at the ceiling will result in a reduction in real consump- 
tion. 

Ex post forecasts of net national product for the years 1952-57. 
presented in Table 3, are obtained from the two different models 
considered. Before making these forecasts adjustments were made to 
the constant term of the production function (4.2) above, and the 
distributed lag investment function (4.12). These adjustments were 
made on the basis of preliminary extrapolations of the individual equa- 
tions over the first three post-sample years. It was clear that the 
level of capacity output given by the system was consistently too low. 
For the most part this may have been due to the more rapid rate of 
technological change in more recent as opposed to the pre-war years, 
which form the majority of the sample observations by far. The 
distributed lag investment function gave values that were consistently 
too high; so the constant term was adjusted down. 


The results are set out in Table 3. The models require the use of a 
ceiling version to obtain feasible results for 1952 and 1953. While 
several post war years can be considered, in some sense, years of 
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TABLE 3 


NET NATIONAL PRODUCT ACTUAL AND MODEL FORECAST VALUES 
(Billions of 1929 Dollars) 























Level of net national product Change in net national prtoduct 
Year Predicted Predicted 
Actual Actual = 

Model I Model II Model I Model II 

1952 185.1 186.5 185.5 = = - 
1953 192.1 192.0 192.0 +7.0 +5.5 +6.5 
1954 188.9 194.5 191.7 —3.2 +2.5 —-0.3 
1955 203.7 191.4 189.4 +14.8 —3.1 —2.3 
1956 206.8 200.0 200.9 +3.1 +9.4 +11.5 
1957 210.3 206.5 206.8 +3.5 +6.5 +5.9 

















excess demand, it is not so clear why the years of the early fifties 
should reflect excess demand more critically than, for example, the 
inflationary years 1955-57”. 

An outstanding feature of both models examined is their complete 
failure to predict the upturn in 1955. In both cases, once the system 
starts downward it is difficult to halt. This is perhaps hardly surprising 
if one considers the sample period during which estimates were made, 
covering the depression of the thirties following the slump of 1929. 
It may be observed that the more sophisticated Klein-Goldberger 
model also fails to predict the recovery adequately. The fact that 
the K-G model gets a movement at least in the right direction may 
perhaps be attributable to the cognizance taken in that system of the 
tax changes that took place in 1954. The failure of the models used 
here may be in part at least due to a failure to take into explicit 
account the effect of the so-called built in stabilizers and tax rate 
changes. However the performance of the K-G model leads one to 
suspect that more is involved’. The rise in gross national product in 
1955 and the rapid recovery from the recession was, for the most 
part, quite unexpected. One possible explanation is that 1955 was a 
year in which there was an autonomous step forward by consumers 
that accelerated the volume of investment. As revealed by the figures 
in Table 1 all the consumption functions estimated from the sample 
period give results that are too low when extrapolated beyond 1955, 

18 It has been pointed out that this suggests that the price increases of the early fifties, 
particularly the Korean war aftermath, were largely demand-induced; whereas the 1955- 


57 period is a period of cost inflation. We offer no comment on this implication here. 
16 For some forecasting results in the K-G model see Goldberger |]. 








312 R. J. BALL AND EUGENE SMOLENSKY 


It is clear that there is a persistent tendency for the models to 
predict low for the later years. If the constant terms of the invest- 
ment functions had not been reduced on the basis of the first three 
post-sample years agreement would be rather better. On the whole, 
with the exception of 1955, the predictions are very much of the right 
order of magnitude in the levels. 

It should be emphasized that only point forecasts are given in Table 
3. Clearly these predictions are subject to error arising from the 
individual error variances in equations and the sampling errors associ- 
ated with the estimated parameters. Standard errors of forecast 
could be computed and applied to the point forecasts of Table 3. Such 
standard errors have not been computed in this study. 


6. DYNAMICS OF THE MODELS 


Exact (i.e. nonstochastic) models embodying the theoretical relations 
underlying this study are dynamic by virtue of the existence of lagged 
endogenous variables. In the discrete treatment of such models, 
complete systems can be reduced to a high order difference equation 
whose solution can be obtained analytically, and thus the dynamic 
character of these systems can be studied. 

In stochastic models the actual path of output over time, by defini- 
tion, does not reflect the influence of the exact or systematic compon- 
ents alone. It has been customary however to examine the behavior 
of econometric systems at the point where the disturbances are assumed 
to take on their mean (zero) value’. While Goldberger demonstrates 
that the systematic component of the Klein-Goldberger model is stable, 
the Adelmans [1] have shown empirically that the model is capable of 
generating plausible cycles if the underlying stochastic mechanism is 
taken into account, by drawing samples of disturbances and carrying 
them along over time. 

The basic result here, that cycles generally result from an experi- 
ment of this kind, is hardly in doubt and is long established. The 
interesting feature, it would appear, is that the parameters of the 
Klein-Goldberger model are such that the disturbances are cumulated 
to generate a cycle of roughly the right sort of period and amplitude. 

It is worth noting that the autocorrelation structure of an individ- 
ual equation should, in general, be taken into account when examining its 
behavior, so that the remaining disturbance term is nonautocorrelated. 
In the case of second-order stochastic difference equations (for example) 


17 Professor Goldberger’s recent study of the Klein-Goldberger model [8] is a case in 
point. 
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where first-order serial correlation exists in the disturbance, the equa- 
tion can be transformed into one of the third order, and the time 
path of the variable will alter accordingly. But this transformation 
will not affect the qualitative behavior of the variable (e.g., whether 
it exhibits damped behavior or not) provided the first-order serial 
regression coefficient lies between 0 and 1, i.e., the disturbance itself 
follows a damped scheme. Thus it is apparent that a stable first- 
order autocorrelation structure, which is all that has been considered 
in this paper, will not affect the ultimate behavior of the models. 
Nonetheless since the models were transformed for the purpose of 
prediction, some dynamic behavior has been investigated in this form. 

Despite the fact that the omission of the disturbance terms may 
in one view lead to inadequate understanding of the dynamic models 
of the kind considered here, the behavior of the exact part of the 
system remains of interest. It is still important to see whether the 
systematic components are capable of producing a particular dynamic 
behavior pattern, for many propositions are formulated in exact terms, 
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upon which light may be thrown. 
It is interesting to compare the models of this paper with the simple 
model of Duesenberry [5]. 
C,=aY,.,, 
K, — K,.. = BY... — aK, 
Y,=C,+ K,—K.4. 


Here all the variables ar. net, and measured as deviations from their 
equilibrium values. From these equations we can derive 


¥.— Yin ~@4 2-1) -aes 
ens LT As 
5,—- ke ss Yi 

K. deen 


Thus the rate of growth in income, and the rate of growth of capital 
are both related to the lagged capital-output ratio. Graphically these 
equations may be depicted as in Figure 1. 

If the parameters of the model are such as to generate the curves 
drawn in Figure 1, and if K,/Y, is the initial capitai-output ratio, 
the system will settle down to steady growth. Point A is stable, and 
the system will grow exponentially unless there is a displacement 
large enough to shift the system down to B which is an unstable point. 

The point is that the model can be reduced to a final equation 


Y, —(—-@+a+1+84)Y,.+(@+8—aa)y,,=0 


for which there are a variety of types of solutions depending on the 
values of the parameters’. A possible solution is that the dominant 
root of this equaiion is real, positive and greater than unity. Then 


¥, = Au)’ + AiO), m>1. 


The path of the system depends on the sign of the arbitrary constant 
A, which in turn depends on the initial conditions Y,and Y_,. If the 
curves intersect as at A, it is possible to find initial conditions such 
that the syste: will grow, i.e. A,>0O. However, the initial conditions 
can also lead to point B with A,<0, and income will go toward zero. 

If the values of the parameters are such that there is no positive 
root greater than unity, there will be no point such as A, and steady 


‘8 For a comprehensive discussion of the issues involved here, see the paper by Mr 
Pasinetti [18]. 
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growth upward will not be possible. Cther solutions of the final auto- 
regressive equation are obviously possible, however Duesenberry has 
suggested that ‘reasonable’ values of the parameters for the United 
States are such that growth is likely to ensue, so that the multiplier- 
accelerator mechanism becomes the engine of economic growth rather 
than of cyclical fluctuations. 

If we disregard the serial correlation problem for the moment and 
assume that depreciation is exogenous, the simple expenditure models 
of this paper can be brought within a similar frame of reference. 
Consider model I. We assume that the exogenous variables are con- 
stant (i.e. population and autonomous spending are stationary) and 
form first-differences of the system, which gives, 


C= AY, + AC.., 
4, = BY or Bky- ’ 
¥,=¢, + i, ’ 
k,=k.+%,. 
The lowercase letters denote first differences. If steady growth is 
possible, given constant exogenous variables, the final autoregressive 
equation of this system must have a root greater than unity. 
We write down the reduced equations, using the estimated parameters 
C; = 0.66¢,_, = 0.12k,_, ’ 
k, = 0.70k,_, + 0.28¢,-, . 


Now, can We choose an initial ratio c,/k, such that c and k will both 
grow steadily? Let c,/k, =o, then 


¢, = (0.66 - ae Je 


k, = (0.7 + 0.280)k, . 





It can be seen at once that it is not possible to choose c,/k, such that 
c¢, >c, and k, >k, both hold. The final autoregressive equation of 
this model results from expanding 

1 — 0.66 E-" 0.12E-) _ 1 —1.36H-' + 0.49E-* 

—0.28E" 1-—0.70E"| — ; . 
where £ is a difference operator such that c,..= Ec, We require 
the roots of 
MV — 1.36. + 0.49=0. 
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It is apparent at a glance that the model gives rise to damped oscilla- 
tions and is not capable of yielding steady growth. 

Suppose that the investment function is now changed to that of 
mode! II. 


4,= BY, + Bria. 
The reduced equations become 
¥, = 0.49y,_, + 0.687,_, , 
a, = 0.032 y,_, + 0.48%,_, . 


Again steady growth is not possible. In this case we can choose i,/y, 
such that i, > 7% and y, >¥y,. But this is not sufficient. In this case 
we must take the roots of 


MW — 0.92% + 0.18 =0. 


This has two real roots, the dominant one being \ = 0.63 approximately. 

We can change the consumption function and adopt the version 

CC, = ay, + ak, . 
The reduced equations of the new system with the investment 
function of model II are 
i, = 0.637,_, + 0.01k,_, , 
k, = 0.637,_, + 1.01k,_, . 
This system is balanced on the edge of growth, for if we take the roots of 
MV — 1.64. + 0.638 =0, 
the dominant-root is fractionally over unity”, but is insufficiently so 
for the case to be clear cut. 

We now drop the assumption that depreciation is exogenous, introduce 
the appropriate serial correlation transformations, and derive the final 
autoregressive equations for the forecasting versions. For model II 
we find the roots of 

M — 2.31X° + 2.00? — 0.73. + 0.09 = 0, 
and for model I 
M — 2.28r* + 1.95? — 0.738. + 0.10 =0. 


19 Since the roots are functions of statistically estimated parameters they are, of course, 
subject to sampling error. Under certain approximations it is possible to compute these 
errors, but this has not been done in this paper. 
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The similarity of these two equations is quite striking and they yield 
roughly the same roots of the order \, = 0.3, \, = 0.6, and a pair of 
complex roots with modulus less than unity. Both models, therefore, 
are not capable of giving sustained growth”. 

So far we have discussed only expenditure models, and something 
remains to be said about the ceiling version of the system. In view 
of the similarity of the dynamic behavior of models I and II in their 
expenditure form, only model II was considered. Using the invest- 
ment function of model II the final autoregressive equation at the 
ceiling was obtained. Behavior again is damped, although one of the 
roots is probably not significantly different from unity. ‘This implies 
that the growth of the economy at the ceiling is governed by the 
rates of growth of population, autonomous spending, and technology. 
The importance of population can be briefly indicated by the following 
simple experiment. 

Reduced form equations were obtained for model II, i.e., the endo- 
genous variables Y, J, C, D, K, Nh, and N,h, were expressed as 
functions of their appropriate lagged values and the truly exogenous 
variables. There are two sets of reduced form equations, one for the 
ceiling and one for the expenditure version. By choosing initial values 
for the predetermined (lagged endogenous) variables, the system can 
be started up and the path of output traced. The advantage of doing 
this from the reduced form is that the contributions of the exogenous 
and predetermined variables are isolated. For example in the expend- 
iture version the short run multiplier of population with respect to 
net national product is found to be 0.613 and the multiplier on govern- 
ment spending 2.044. These of course are the computed values of 
@Y/AN and @Y/dG, holding all predetermined and the exogenous 
variables (J,, F’) constant”. 

20 It is worth noting that the real roots of these equations give 

#2 — 0.94 + 0.18, 
which is approximately the appropriate equation for Model II with depreciation exogenous. 
The effect of adding depreciation as an endogenous variable is thus to ‘‘add’”’ a cycle 
that is highly damped. It is not possible to identify this with a replacement cycle for 
fairly obvious reasons. 

21 Extrapolation from the reduced form equations (including D as endogenous) led to 


the results 
Predicted NNP Actual NNP 


1952 185.7 185.1 
1953 191.6 192.1 
1954 193.0 188.9 
1955 191.9 203.7 
1956 203.3 206.8 
1957 208.3 210.3 


Compare with Table 3 above. 
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Initial values were taken from 1952 and inserted into the reduced 
form equation. The path of gross national product was then computed 
under the following assumptions. The value of total autonomous 
spending was kept fixed at its 1952 level. Population was allowed to 
follow its time path (increasing at the rate of about 3 million a year) 
and t of course took on the appropriate integral values. A second 
set of computations were made holding population constant. 

The results are graphed in Figures 2a and 2b. Given the actual 
growth in population, gross national product grows at a decreasing 
rate. Excess demand exists but is not removed over the five-year 
period (i.e. the desired expenditure level of output exceeds the ceiling 
level of output over that period). This means that the actual level 
of gross national product is the ceiling level. If we now assume that 
population remains constant gross national product still grows over 
the five-year period, but its rate of growth is substantially reduced, 
and after three years excess demand is eliminated, the projected level 
of gross national product becoming feasible”. 


#997 ve) 2307 (v4) 
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* It should be emphasized here that despite the adjustment to the constant term of 
the production function the capacity level of output seems to run much too low, taking 
the period as a whole. However, even with a higher ceiling the result vis-d-vis the 
importance of population is unlikely to be substantially affected. 
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The model considered here at the ceiling illustrates at least four 
different points. First, the parametric structure is such that it is 
possible for the system to ‘‘crawl’’ along the ceiling for several periods; 
i.e., there is no inherent tendency for the system to bounce back 
immediately, provided that the initial excess demand is sufficiently 
large. Initial conditions here play an important role. Secondly, the 
computations illustrate the slow-moving character of the economy as 
depicted by model II. We know that the model is damped and that 
the rate of growth of output will decline, but this decline takes place 
relatively slowly. In the case where population follows its actual 
course the rate of growth declines from about 2.9 percent to 1.7 per- 
sent over a five year period. If population is held constant the decline 
is rapid in the first-period but then is relatively slow. In the third 
place, the model considered illustrates the fundamental interdependence 
of the rate of growth of the ceiling and expenditure levels of output. 
The ceiling level of output is not a deus ex machina which simply 
bounds an oscillating level of desired output; the rate of growth of 
ceiling output is dependent on endogenous factors, and there is some 
evidence that in the boom the rate of growth of ceiling output is 
likely to be below that of the upswing. The reason for this is fairly 
obvious, namely, the reduction in the rate of investment as the economy 
hits the ceiling. This contributes to the possibility of ‘‘crawling’’ 
along the ceiling, since a declining rate of growth of desired output 
is met with a falling rate of growth of capacity. Finally, the com- 
putations illustrate the important role of population growth within the 
specification of model II. 


7. SOME CONCLUSIONS 


It is tempting at this point to cry halt, and to leave the reader to 
interpret and evaluate the results as he will. But we offer some 
tentative conclusions to provide a focal point for such an evaluation. 

At the outset three criteria were offered by which to judge the 
results of this paper. They were statistical within the sample period, 
statistical outside the sample period, and dynamic. From a statistical 
point of view the results seem fairly acceptable, or probably at least 
as good as any other specification is likely to produce. However it 
must be recognized that expectational and monetary elements have 
been excluded and this (following the analysis of section 5) shows up in 
the estimation of the generalized accelerator equation of model I. It 
must also be emphasized that it is quite possible to formulate other 
models that will fit the data equally well. From a statistical point 








320 R. J. BALL AND EUGENE SMOLENSKY 


of view, the results of estimation prove nothing—they can only be 
judged on the basis of their consistency with the underlying theories. 
This we leave to the reader. 

From the point of view of prediction, the results are much better 
than we expected. With the exception of 1955 we get fairly sensible 
results, but other forecasters have found difficulty with that year and 
we are not alone. In view of the length of the forecast period outside 
the sample period, the models do not do too badly when judged from 
the viewpoint of prediction in the short run. However, by the end 
of the sample period, it is clear that reestimation adding more recent 
data would be desirable as, for example, the consumption and produc- 
tion functions are tending to run too low. 

It is from the third point of view, that of dynamic character, that 
the models are in some ways most interesting. As we have pointed 
out, the critical elements in many business cycle models are the 
parametric values that are assumed by the authors. The models 
discussed in this paper, like the linearized version of the Klein-Gold- 
berger model, are inherently stable, and are not consistent with the 
hypotheses of explosive oscillations or of steady growth. 

The engine of growth is made up of population, autonomous spending 
and technical change, and should the rate of growth of these factors 
go to zero, the economy would cease to expand™. We do not regard 
this outcome as unreasonable, given the existence of a fairly stable 
distribution of income. 

However, as was emphasized at the outset our results cannot directly 
disprove alternative theories of dynamic behavior within the economy, 
since the coefficients cannot be identified with the coefficients of the 
theoretical models. The identification problem (in this nontechnical 
sense) is important. It is worthwhile, however, to discuss the possible 
relationship of the statistical parameters to the theoretical values 
sometimes assumed. Duesenberry, for example, thinks that ‘‘reasona- 
ble’’ values of the coefficients of the model briefly discussed in section 
5 lead to growth; Matthews, on the other hand, feels that ‘‘reasonable’’ 
values of the coefficients of the multiplier-accelerator equation lead to ex- 
plosive oscillation. The sting in the tail is how reasonable is ‘‘reasonable.”’ 

It is useful to approach this problem by considering a simple example. 
Assume the model 


*% We do not however regard this as a likely possibility, mainly because of a persis- 
tent belief in the possibilities of technical advance in both production and consumption. 
This latter aspect has been ignored in this paper, but we feel that it is very important. 
Product innovation is an aspect of growth frequently neglected. 
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S, = sY, , 
I, = a( Y, sa Y,-1) ’ 
S, = I, , 


where S, J, and Y are net saving, net investment and net income, 
respectively. The final autoregressive equation of this system is 


Ft ae 
8—-d 


For this system to grow, it is required simply that o > s and s>0. 
Suppose that we decide to apply this model to the statistical data for 
the U.S. economy over the sample period, and in particular fit the 
investment function in the form, 


K,=@Y,. 


Then it is hardly necessary to look at the data before deciding that 
the statistically estimated model will produce growth. In fact it will be 
found that ¢ is something between 2 and 3 and s is about 0.15 (the 
average propensity to save). Now, suppose we modify the model and 
write 

C, = cY,4 ’ 

K, = aY,-, , 

Y=C,+K,—Ku4, 


where C is consumption. The final autoregressive equation of this 


system is 
Y,—(¢+ O)Yit+o0Y,,=0. 


This system will have explosive oscillations if (c + a)’ — 40 < 0 and 
Vo>1. If we obtain statistical estimates of o and c from the annual 
data we might not be surprised to obtain values of the order c = 0.8, 
o = 2, which satisfy this condition. This would appear to ve Mr. 
Matthews vindicated. 

The point that is worth making with regard to these simple models, 
is that while the proponents, discussants, and model builders dealing 
in the trade of these simple systems have not usually performed 
statistical analysis of this simple variety explicitly, they have done so 
implicitly, obtaining some rough idea of the average saving-income 
and the average capital-output ratios from time series data. They have 
not conjured figures out of thin air; they have paid some attention 
to the empirical background. ‘‘Reasonable’’ seems to mean something 
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like average values, or average ratios.” 

Our own statistical study has been very simple, and only a handful 
of relationships have been involved. However, we have attempted to 
do a little better in obtaining parameter estimates by taking into 
account some of the exogenous factors. Our estimates differ from 
the class of ‘‘reasonable’’ values in implying a rather higher short 
run propensity to save out of income and in producing parameters of 
the investment equation that seem to indicate a degree of quiescence 
that the acceleration theorists might regard as suspicious. 

There are two points that should be recalled immediately. One is 
that investment for the purpose of statistical analysis has been defined 
gross and not net as is customary in most models, and the other that 
gross private investment includes all types of investment, plant and 
equipment, residential construction, and inventories. The first point 
is relevant in so far as there is a presumption that gross investment 
is likely to be more stable than net, in relation to changes in output.” 

The relevance of the second point is obvious. Critics of the accel- 
eration principle have sometimes adopted the view, not that it does 
not apply, but that its application is strictly limited. To some extent 
the defenders of the principle have got round this by making the 
rather nebulous distinction between autonomous and induced invest- 
ment. The former being independent of short-run changes in the 
level of output. The critics however would insist that investment 
induced in this way is likely to be a very small part of total invest- 
ment, so that the role of the acceleration principle in explaining 
overall investment will be a minor one. Certainly our statistical 
estimates are affected by the inclusion of residential construction. To 
the extent that there is a strong corpus of autonomous or longer 
range investment included in our data, the relation between invest- 
ment and current output will be damped down. Thus both the degree 
of aggregation in the data, and the absence of any distinction between 
induced and autonomous investment work in the direction of damping 
down the link between current gross investment as we have defined 
it, and changes in the output level. 

It may be observed that the relation between the volume of invest- 
ment and the difference between the desired and beginning period 
capital stocks, is governed by the inverse of the length of the gesta- 


* For some empirical discussion of the ‘‘great ratios’’ of economics see Klein and 
Kosobud [14]. They follow a procedure something like that of the first simple model 
and, of course, get growth. 

*s This presumption is founded on an assumed stability in replacement investment, the 
defense of which would take up an inordinate amount of space at this point. 
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tion period as well as by frictional factors due to inertia and delays 
on the part of entrepreneurs. These factors together with the prin- 
ciple of profitability all serve to break or at least weaken the physical link 
between investment and output changes, which has served as the 
rationale of the naive accelerator. 

It is clear that there are several possible reasons why the statistic- 
ally estimated parameters of an investment function (in particular 
that of model I) are such as to give rise to damped rather than ex- 
plosive behavior, and why they appear to bear little or no relation to 
the values that the naive accelerator theories might lead us to expect. 
However, the results are at least suggestive of the fact that it may 
be correct to think that the acceleration principle in a physical sense 
only has limited application (otherwise it would tend to dominate more). 
The generalized accelerator may have much wider application, but 
here the profit notion and expectational phenomena may lead to a 
“true”? value of the accelerator coefficient that is well below the 
‘reasonable’ values that tend to be inserted into simple models. 
Clearly, there is much scope for further investigation, disaggregating 
investment into suitable components and perhaps attempting to draw 
a distinction between induced and autonomous investment.” 

In this paper we have confined ourselves to the modest task of 
interpreting the data from 1909-1951 in terms of a set of simple 
hypotheses without disaggregation. The models we have considered 
fit the data reasonably well and give year-to-year predictions that are 
fairly sensible. But the models are stable and cannot give rise to 
fluctuations without further additional factors being introduced. We 
have already indicated that the monetary and expectational elements 
have not been properly handled within the framework of our hypo- 
theses. These factors, particularly expectations, are likely in our view 
to prove significant. There is, moreover, the further point that the 
Adelmans’ study has underscored that the models we have dealt with 
are stochastic, and that our study of their dynamic character has been 
undertaken on the assumption of zero disturbances. It is possible that 
if these disturbances were taken into account in a manner similar to 
that adopted by the Adelmans, oscillations might be generated after 


% Fisher [6] fitted the simple Hicks model to data for the U.S., 1929-41. He distinguishes 
between autonomous and induced investment, and concludes that the result is consistent 
with Hicks’ explosive case. However, there are some limitations to Fisher’s analysis: 
a) The small size of sample, b) a rather doubtful version of the consumption function 
applied to annual data, c) an equally unsatisfactory form of the investment function as 
applied to annual data. The criticisms raise an issue which we have not treated, namely 
the problem of aggregation over time. 
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the same fashion as those generated by the Klein-Goldberger model. 
There is room for much further research, both theoretical and applied, 
in this direction. 

We are inclined to suggest somewhat tentatively that our results 
justify study of the generalized multiplier-accelerator model applied to 
ex post data. The results presented in this paper can only be regarded 
as preliminary to more extensive statistical analysis involving the 
construction of more sophisticated models. In some ways the results 
suggest more questions than they answer. At most they may provide 
a focal point for further examination of the relationship of ez post 
data to the hypotheses formulated in this area by the theoretical] 
economists. 


University of Manchester, England, and 
Haverford College, U.S.A. 
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APPENDIX 
TABLE A-l 
BASIC DATA 
Money Values in Billions of 1929 Dollars) 
(1) 2 3) (4) 6 © ” 
“ ; Gross private|. _ Govern- Net 
Year Net nationall ye preciation|Consumption domestic (Govern- ment foreign 
pro investment | ™€"* |investmentlinvestment 
Lg D C I G Ig F 
\ 
| 
1909 49.9 5.9 41.3 11.1 3.8 a —.3 
1910 50.3 6.2 42.0 10.8 3.9 a —.3 
1911 51.9 6.4 44.1 9.6 4.6 4 Fe | 
1912 54.7 6.6 45.2 11.2 4.6 a 1 
1913 56.6 6.9 46.7 12.1 4.5 a 3 
1914 51.5 7.1 46.1 7.8 4.8 4 —.2 
1915 53.1 7.3 45.3 aa 5.0 a 2.5 
1916 61.4 7.5 49.4 10.7 4.7 a 4.0 
1920 64.7 8.6 52.7 12.7 5.6 a 2.3 
1921 63.4 8.2 59.1 7.5 6.5 a 1.5 
1922 67.1 8.7 58.1 10.7 6.4 a 6 
1923 76.9 8.9 63.4 15.6 6.3 a 5 
1924 79.4 S.0 68.1 12.3 6.9 a 7 
1925 81.1 9.4 66.1 16.4 7.4 a mg 
1926 86.3 10.1 71.5 17.1 7.4 a 4 
1927 87.1 10.2 73.4 15.6 7.9 a me 
1928 87.9 10.6 74.8 | 14.5 8.2 a 1 
1929 93.4 11.0 78.9 16.2 8.5 a 8 
1930 84.5 10.9 74.6 10.4 9.4 a 6 
1931 78.8 11.7 72.5 6.8 10.0 a 2 
1932 66.2 10.2 66.0 8 9.5 a 1 
1933 64.2 10.0 64.6 .4 9.4 a -.l 
1934 70.8 10.0 68.0 1.9 10.9 a ms 
1935 81.2 10.2 72.3 8.8 11.0 a — .6 
1936 90.3 10.6 79.7 9.3 12.7 a —.7 
1937 98.2 10.9 82.6 5.5 12.3 4 4 
1938 92.3 10.9 31.3 6.8 14.0 a Bs | 
1939 99.9 11.0 85.9 9.9 14.4 a 8 
1940 109.6 11.4 90.4 14.2 15.0 a 1.2 
1941 126.3 2.4 96.4 18.8 23.0 a 4 
1946 150.9 14.7 120.9 21.5 20.1. a 3.1 
1947 147.5 16.6 122.6 18.2 17.5 a 5.7 
1948 155.0 18.0 125.2 24.9 21.9 a 1.1 
1949 151.6 19.0 128.5 16.6 25.3 a 2 
1950 167.6 19.8 136.3 28.9 23.4 > —1.2 
1951 179.2 21.2 137.2 29.1 32.0 a 1.1 
1952 185.1 b 141.4 24.4 39.2 11.8 8 
1953 192.1 b 147.5 23.5 43.0 12.6 —.1 
1954 188.9 b 150.3 22.8 37.8 11.2 6 
1955 203.7 b 160.9 29.1 36.6 10.1 6 
1956 206.8 b 166.3 28.7 36.5 9.9 m 
1957} 210.3 b 170.4 27.3 37.9 10.7 0 
i 
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APPENDIX 
TABLE A-1 
BASIC DATA 
(Money Values in Billions of 1929 Dollars) 
(8) (9) (10) (11) (12) (13) (14) (15) 
Man hours Capital stock Personal tax 
Year |Population| ery Employed |Available| Employed cc: ucation aeaee 
N Nyhs| Noho K x® T F Q 
1909 90.5 9.2 94.0 221.2 209.7 37.4 53.2 698 
1910 92.4 | 102.5) 96.6 227.5 214.1 73.3 54.8 723 
1911 93.9 | 105.0 98.5 232.3 217.9 107.4 56.4 727 
1912 95.3 | 107.3) 101.6 238.6 226.1 145.1 58.1 727 
1913 97.2 | 107.1 102.4 245.5 234.1 180.9 59.7 787 
1914 99.1 | 109.4) 100.7 248.2 228.3 222.7 61.4 804 
1915 100.6 | 110.6 100.0 250.5 226.2 267.6 63.0 833 
1916 102.0 |} 112.3 107.0 255.9 243.6 313.5 64.6 956 
1920 106.5 | 111 107.2 276.3 265.2 474.7 71.2 2234 
1921 108.5 | 111. 96.9 277.9 244.8 516.1 74.1 1706 
1922 110.0 |} 112. 103.8 282.4 260.9 556.4 77.0 2020 
1923 112.0 | 115. 111.8 291.7 282.4 597.2 79.8 1820 
1924 114.1 | 115. 109.5 297.9 281.5 642.4 82.7 1908 
1925 115.8 | 118.1 113.4 308.1 295.8 692.2 85.6 2047 
1926 117.4 | 119. 117.4 318.5 312.4 739.8 88.5 2121 
1927 119.0 | 121. 116.9 327.5 314.0 784.2 91.4 2320 
1928 120.5 | 123. 118.0 335.2 320.4 830.1 94.2 2796 
1929 121.8 | 124.1 120.3 325.8 315.3 878.7 97.1 2643 
1930 123.1 | 123. 112.6 329.8 300.4 927.3 100.0 2620 
1931 124.0 | 123. 103.8 | 330.0 277.5 982.4 100.5 2076 
1932 124.8 | 120. 92.4 323.8 246.9 1039.3 101.0 1766 
1933 125.6 | 123.1 92.6 316.8 237.9 1090.9 101.5 1931 
1934 126.4 | 118.1 92.6 312.1 244.8 1138.6 102.0 2113 
1935 127.2 | 122.1 97.7 314.3 251.1 1183.5 102.5 2491 
1936 128.0 | 128. 106.8 318.5 264.3 1228.3 103.0 2925 
1937 128.8 | 129. 111.4 326.9 277.8 1271.6 103.5 3656 
1938 129.8 | 128. 103.8 328.0 265.7 1315.1 104.0 3542 
1939 130.9 | 140. 108.5 332.4 275.2 1364.2 104.5 3020 
1940 131.9 | 132.1 113.0 340.3 290.6 1413.0 105.0 3203 
1941 133.1 | 137. 124.2 354.7 322.4 1461.0 105.3 3468 
1946 140.0 | 136. 131.4 405.0 389.2 1591.2 106.7 4980 
1947 143.5 | 134. 130.3 410.7 395.9 1613.6 107.0 5212 
1948 146.1 135. 131.0 422.6 408.6 1641.7 107.3 5299 
1949 148.7 133. 126.4 426.5 403.0 1681.5 107.6 5235 
1950 151.2 | 135. 128.9 442.1 400.9 1729.5 107.9 5499 
1951 153.4 | 140. 136.8 460.5 446.6 1778.2 108.2 5665 
1952 155.8 | 143.1 139.4 476.1 463.2 a a a 
1953 158.3 | 144. 140.9 490.4 478.1 a a a 
1954 161.2 | 140. 133.8 501.8 Ry a a 
1955 164.3 | 143. 137.9 517.4 496.7 a a a 
1954 168.2 | 145. 139.5 531.2 511.0 a a a 
1957 171.2 | 144. 138.1 543.9 520.5 a a a 





























a) Data not utilized. 
b) Data not available at time of publication. 
c) Values in millions of 1929 dollars. 
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SOURCES: 


Many of the data used in this study are from John W. Kendrick, Productivity Trends 
in the United States, a forthcoming volume to be published for the National Bureau of 
Economic Research. We wish to express our thanks to Professor Kendrick for giving 
us permission to use and publish his preliminary estimates. We also wish to express 
our thanks to Professor L. R. Klein and the Econometric Research Unit-of the Univer- 
sity of Pennsylvania for data which was made available to us. 


Column 1: 
Column 2: 


Column 3: 


Column 4: 


Column 6: 


Column 7: 


Column 10: 


The sum of columns (3) through (7) less column (2). 

1909-1955. Kendrick, op. cit., Table A-1, ‘‘Gross & Net National Product: 
Adjusted Kuznets Concepts,”’ column 2. 

1956-1957. Extrapolator: U.S. Dept. of Commerce data on Capital Consump- 
tion Allowances, shifted to Replacement Cost Basis and including Govern- 
ment by the Econometric Research Unit, University of Pennsylvania. 
1909-1955. Kendrick, ibid., Table A-II a, ‘‘Gross National Product: Com- 
merce Concept Derivation from Kuznets Estimates,’’ column 4. ins" 
1956-1957. Extrapolator: U.S. Dept. of Commerce estimates of consumption 
in constant dollars. 

1909-1955. Kendrick, ibid., Table II a. The sum of Gross Private Domestic 
Investment, Commerce Basis plus Change in Business Inventories. 
1956-1957. Extrapolator: U.S. Dept. of Commerce data on Net Private 
Domestic Investment in constant dollars. The series extrapolated was column 
(4) less column (2). Column (2) was then added back. 

1909-1955. Kendrick, ibid., Table A-II a, column 10. 

1956-1957. Extrapolator: U.S. Dept. of Commerce estimates of government 
expenditures. 

1952-1957. Kendrick, ibid., Table A-II a, column 6. Extrapolated by use 
of U.S. Dept. of Commerce estimate of government investment (the sum of 
government purchases of military equipment and stockpiling plus federal 
construction, defiated by the implicit price deflator for the federal government 
plus state new construction in constant dollars). 

1909-1955. Kendrick, ibid., Table A-II a, column 9. 

1956-1957. Extrapolator: U.S. Dept. of Commerce estimate of net exports 
in constant dollars. 

1909-1955. Graham and Schwartz. Personal Income by States since 1929, 
pp. 144-145. (Millions of persons). 

1956-1957. U.S. Bureau of the Census, Current Population Reports, Series 
P-25, No. 206, p. 3. (Millions of persons). 

1909-1954. Column (10) multiplied by the ratio of the labor force to the 
number employed. The series on proportion unemployed was constructed 
by forming the ratio of the number of unemployed workers reported in S. 
Lebergott, ‘‘Annual Estimates of Unemployment in the U.S. 1900-1954,’’ 
The Measurement and Behavior of Unemployment, (Princeton: Princeton 
Univ. Press, 1957) to the labor force as reported in the Statistical Abstract 
of the United States 1954, p. 240. (Millions of man hours). 

1955-1957. Labor Force and Employment as reported by the U.S. Bureau 
of the Census. (Millions of man hours). 

1909-1955. Kendrick, ibid., Table A-X, ‘‘Manhours Worked,”’ column ‘‘Total, 
including Military.’’ (Millions of man hours). 

1956-1957. _Extrapolated using an index of hours worked prepared by the 
Econometric Research Unit, University of Pennsylvania. (Millions of man 
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hours). 


Column 11: Kendrick, ibid., Table A-XVI, Real Capital Stock less Monetary Gold and 


Silver for 1908 (214.4 billions) plus column (4) and Public Investment less 
column (3). Public Investment from A-II a, column 6, extended as per ex- 
planation of column (6). 


Column 12: Column 11 times ratio of the number employed to the labor force derived 


as explained in column 9. 


Column 13: The cumulated sum from 1909 of *‘All Patents’’ less ‘‘Reissues’’ as reported 


in Historical Abstract of the U.S. for 1909-1945, and in the Statistical 
Abstract of the U.S. thereafter. (Thousands of patents). 


Column 14: Index 1930 = 100. Total number of days attended by all pupils in public 


day schools, continental U.S., linear interpolation and extrapolation of de- 
cennial values. Source: Biennial Survey of Education in the United 
States, 1954, p. 27. 


Column 15: 1909-1955. Kendrick, ibid., Table A-II a, column 2. (Millions of dollars). 


{10} 


{il 


{12} 
{13 
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INCOME ELASTICITY OF PUBLIC EDUCATION* 
By WERNER Z. HIRSCH 
1. INTRODUCTION 


THROUGHOUT THE WORLD the need for more and better education is 
of greatest importance. This holds not only for the younger and 
economically underdeveloped nations, but even for as wealthy a country 
as the United States. There, too, in recent years concern has been 
expressed about the relatively small portion occupied in consumer 
budgets by public services, particularly education. While the United 
States consumer can choose freely whether to spend his increased in- 
come mostly on food, a new car, a trip, or books and symphony tickets, 
when it comes to the public services his choice is only indirect. It is his 
money which pays for roads, parks, public education, etc., but if he 
wishes to choose how much of his money will go for each of these he can 
attempt to influence conditions only through the political process, or, 
under a federated political and fiscal system, he can also move to a 
community in which the level of the various services happens to coincide 
more closely with his wishes. Thus, although it is relatively easy for 
most people to decide what portion of their income will be spent for 
food, entertainment, furniture, etc., it is much harder for them to 
determine what part of their budget shall be apportioned for public 
education. How does this portion change as people’s income increases? 
Or, in short, what is the income elasticity of public education? 

This paper will attempt to make some estimates of the income 
elasticity of education, specifically of public primary and secondary 
education in the United States. Both time series and cross section 
data will be used for the analysis. At the end, some policy implica- 
tions of the empirical findings will be explored. It is hoped that these 
will prove of interest elsewhere, particularly in countries also having 
a federated tax system. 


2. UNITS OF MEASUREMENT 


Income elasticty in general relates a relative change in quantity to 


* Manuscript received June 29, 1960, revised March 6, 1961. 

! A good example of this concern is President John F. Kennedy’s 1961 Education 
Message to the United States Congress, New York Times, February 21, 1961, p. 22, and 
John K. Galbraith, The Affluent Society (Boston: Houghton Mifflin, 1958), especially pp. 
132-37. 
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a corresponding relative change in income. Other factors that might 
induce quantity changes are assumed to be held constant, or in mathe- 
matical terms, are partialled out. In a similar way, income elasticity 
of public education can be defined, but before measurements can be 
attempted, it is necessary to find appropriate units to quantify educa- 
tion and income. 

As in the case of most services, physical quantity measurements 
are difficult to devise. Instead, expenditures of a meaningful unit 
are often used. The unit that will be used in this study is X,. daily 
total current expenditures, plus debt service, for public primary and 
secondary education per pupil in average daily attendance (ADA). As 
a unit of measurement, it has the advantage of being highly uniform 
throughout the United States as well as over time.’ Per capita 
personal income (X,) will be the income unit. 

Thus, income elasticity of public education is defined as 
EX, ax, X, 


@.1) -, san 





8. A TIME SERIES REGRESSION 


What factors other than income are likely to bring about changes 
in the quantity of education and its cost, and therefore need to be 
quantified and their effect held constant? In this study two such 
factors will be included, 

X, = per cent of public high school enrollment relative to total 

public school enrollment, and 

X, = per cent of pupils (5-19 years old) in average daily attendance 

living in urban areas. 

The first factor bears on costs since, compared to primary schools, 
high school classes are relatively small; equipment .is relatively expen- 
sive, and teacher salaries tend to be relatively high. Likewise, urban- 
ization can affect costs. For example, in urban communities children 
live relatively short distances from school and often can do without 
school buses. In many rural communities school enrollment is small, 
resulting in relatively high costs, considering the low quality of educa- 
tion offered. 

Additional variables were considered but were ruled out after careful 
examination. For example, the price level of goods and services bought 

2 The same uniformity, for instance, does not exist if annual expenditures are the unit 


of measurement; the length of the school year varies by quite a few days, depending 
on district and year. 
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by public schools is so strongly affected by income level that the two 
have a very high correlation. Quality of education should not be held 
constant, since income changes must be permitted to find their ex- 
pression in quality changes which, in turn, can then lead to expend- 


TABLE 1 
EXPENDITURES, HIGH SCHOOL ENROLLMENT, URBANIZATION 
AND INCOME, UNITED STATES 
SELECTED YEARS, 1900-1958 


























xX Xs Xs Xs 

Daily total current 

expenditures plus) Public high school 

debt service for) as a percent of | Percent of pupils | Per capita personal 

primary and s€C-) total public enroll- | in ADA (age 5-19) | income (dollars) 
Yearjondary education] ment from urban areas 

per pupil in ADA 

(dollars) 

1 2 3 4 

1900 126 3.3 39.6 199.2 
1902 134 3.5 39.8 218.5 
1910 .190 5.1 40.4 300.6 
1913 -220 6.1 42.0 325.1 
1920 .359 10.2 45.9 712.3 
1922 441 12.4 47.4 552.4 
1930 .570 17.1 53.3 624.1 
1932 -564 19.6 53.6 401.4 
1940 568 26.0 54.6 595.5 
1942 .647 26.0 55.1 915.7 
1946 .854 24.1 55.5 1,268.1 
1948 1.102 23.6 54.3 1,435.1 
1950 1.284 22.8 52.1 1,506.2 
1952 1.501 22.1 51.5 1,739.0 
1954 1.628 21.8 51.8 1,784.5 
1956 1.834 22.1 51.7 1,965.3 
1958 2.065* 22.4 51.5 2,030.3 
* Estimate 
Sources: Columns 1 and 2. Work sheets of historical education series collected by 


Vance Grant, educational statistician, Division of Statistics and Research 
Services: Reference, Estimates, and Projections Section, U.S. Department of 
Health, Education, and Welfare, Office of Education. 

Column 3. U.S. Department of Commerce, Statistical Abstract of the United 
States 1958, Chap. 1, Area and Population. U.S. Department of Commerce, 
Population: Characteristics of the Population, U.S. Summary, 16th Census, 
1940, Tables 7 and 9. U.S. Department of Commerce, Population: U.S. 
Summary, 1950 Census, Report P-B1, Vol. 11, Part 1, Chap. B, Table 38. 
Column 4. Years 1900-28. National Industrial Conference Board, Economic 


Almanac 1958, (New York: Thomas Y. Crowell Co., 1958), 401. 

1929-57. U.S. Department of Commerce, Office of Business Economics, Survey 
of Current Business, XXXVIII (July, 1958), Tables 3 and 4, pp. 6 and 7. 
From Economic Indicators, May 1959, pp. 2,3, and 5. 


1958. 








INCOME ELASTICITY OF PUBLIC EDUCATION 333 


iture changes. 

In Table 1, expenditure, high school enrollment, urbanization and 
income data are given for selected years 1900-1958. 

The multiple regression equation was found tv have the following 
values for selected years during 1900-1958: 


(3.1) X, = .113 + .00427 X, — .00520 X, + .000924 X, . 
(.0241) (.0306) (.0000976) 


The figures in brackets are standard errors of the net regression. 
With 13 degrees of freedom, coefficients are statistically significant at 
a probability level of .05 if the ratio between coefficient and standard 
error is larger than 2.18, neglecting the sign. The statistically sig- 
nificant coefficient is underlined. The coefficient of multiple determi- 
nation adjusted for degrees of freedom lost (R},,,) is .969. It is kighly 
significant at a probability level of .05. The partial correlation coef- 
ficient, 7,,.;, is + .872. Thus, about 76 per cent of the 1900-1958 varia- 
tion in the cost of daily per pupil current expenditure (plus debt service) 
can be explained on the average in terms of per capita personal in- 
come chanye, holding the effect of changes in the public high school- 
ail public school enrollment ratio and urbanization constant. 

An estimate of the average income elasticity of public education 
during 1900-1958 can be obtained by multiplying the net regression 
coefficient relating expenditures to personal income (b,,,,) by the ratio 
X,/X,. For 1900-1958 income elasticity of public education is estimated 
to be + 1.09, just slightly above unit elasticity. Thus, it can be 
concluded that during 1900-1958 a one per cent increase in per capita 
personal income was on the average associated with a 1.09 per cent 
increase in daily total current expenditures for public primary and 
secondary education per pupil in ADA. It assumes that the effect of 
the other variables of the equation is held constant. 


4. CROSS SECTION REGRESSIONS 


Income elasticities based on time series data indicate the average 
percentage change in per pupil education expenditures that results 
when average per capita personal income changes over time by one 
per cent. It reflects certain dynamic changes in our society. But 
there is another income elasticity coefficient which provides more of 
a static picture. It is based on cross section data and reflects the 
average percentage change in per pupil education expenditures that is 
brought about as average per capita personal income changes from 
one school district (or state) to the next by one per cent within a 
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given time period. Static income elasticities of education, based on 
cross section data, appear to be even smaller than the dynamic one. 
Three empirical attempts have been made to estimate them. For 
example, Solomon Fabricant, using 1942 data of the 48 states, found 
the income elasticity coefficient of education to be + .78.° In addition 
to 1938-1942 per capita personal income, Fabricant’s analysis included 
two other independent variables—urbanization and density in 1940. 
Income elasticity of all state and local government services was + 
.90, but if education were excluded, it was somewhat higher, i.e., 
+ .96. Such services as come under the heading of general control, 
health and hospital, highways and police were income elastic, while in 
addition to education, fire, public welfare, and sanitation were income 
inelastic. 

Harvey E. Brazer estimated the income elasticity of education for 
40 large cities using 1949 median family income and 1953 per capita 
operating expenditure data. He computed the income elasticity to be 
+ .73.4 Other variables included in the analysis were 


Ratio of city population to metropolitan area’s population in 
1950, 

Students in ADA per 1,000 of 1950 population, and 
Inter-governmental revenue per capita for education, 1953. 


The present author used 1951-1952 and 1954-1955 cross section data 
to estimate an elasticity measure of education for the St. Louis City- 
County area which comes close to being an income elasticity. More 
correctly, it is the property elasticity of education, since average 
assessed valuation of real property per pupil in ADA is used in place 
of income. This was done because it is, at best, very difficult to find 
income data for school districts. Assessed valution data are readily 
available. There is some evidence that in the St. Louis City-County 
area, assessed valuation of real property per pupil in ADA and median 
income are highly correlated. For example, the rank correlation coef- 
ficient, relating median income (1949) and 1954-1955 per pupil assessed 
valuation in ten districts coterminous with municipal or census tract 
boundaries, is + .905. It is statistically significant at a probability 
level of .05. 

In addition to X,, average assessed valuation of real property per 


* Solomon Fabricant, The Trend of Government Activity in the United States Since 
1900 (New York: National Bureau of Economic Research, Inc., 1952), 125. 

‘ Harvey E. Brazer, City Expenditures in the United States, Occasional Paper 66, 
(New York: National Bureau of Economic Research, Inc., 1959), 58. 
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GROWTH AND PROPERTY VALUE, ST. LOUIS CITY-COUNTY AREA 
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TABLE 2 


1951-1952 AND 1954-1955 





























Xi Xs Xs Xe Xr Xs 
a total 
current ex- 
penditures 
plus debt | Average as- poy Public high} Number of * all ong 
oe for prmmpdifpersey | o pub-schoo! — core public 
pueae od on a ~~ {| lic primary » ge ag ihe > school 
mary and |property Perl and second-| .% [ota per | pupils in 
secondary jpupilin ADA hool pupils in | square mile 
education 7 Sees | "ADA esas ates 
per pupil in ii 
ADA 
INumber 1 2 3 4 5 6 
1951- 1 243.29 7,055 1,704 22.7 189.3 52.1 
1952 2 275.15 8,281 657 31.8 82.1 58.0 
3 198.11 5,179 oon 16.9 145.4 110.9 
4 277.00 7,674 , 17.0 341.5 29.9 
" 561.76 19,977 2,007 34.9 699.0 6.8 
6 198.30 5,507 1,573 26.7 15.7 56.6 
7 236.23 6,155 2,918 19.9 194.5 73.5 
8 257 . 86 5,975 5 26.0 492.3 14.2 
9 316.68 26 ,083 5. 0.0 9.7 225.4 
10 284.42 9,336 1,060 24.7 212.0 28.0 
11 132.38 1,553 1,013 17.6 1,013.3 26.3 
12 239.55 6,590 4,407 21.6 244.8 40.1 
13 549.14 30,118 1,020 0.0 56.7 157.5 
14 324.04 9,354 2,494 25.7 623.5 11.1 
15 137.65 3,732 486 20.5 97.2 34.6 
16 344.64 8,070 4,867 24.7 486.7 18.8 
17 143.49 3,713 1,717 17.2 90.4 40.4 
18 221.82 4,996 5,508 19.8 459.0 47.9 
19 181.60 5,953 1,483 21.7 123.6 166.1 
20 255.86 10,088 1,013 11.9 33.8 112.4 
21 216.77 6,921 1,535 19.7 34.1 43.6 
22 317.01 10,962 5,213 22.6 868.8 42.0 
23 aires 3,246 572 18.8 143.0 29.9 
24 .96 7,690 4,878 26.7 424.1 27.9 
25 311.34 11,217 1,247 22.7 831.1 2.9 
26 210.87 5,731 1,124 26.5 1,124.0 6.0 
27 260 . 86 9,933 79,641 20.1 1,276.3 6.7 
T954- 309.12 7,371 oo ey os 52.1 
1955 29 361.04 8,484 1 103.1 58.0 
30 248.12 6,880 2,111 13.8 263.9 110.9 
31 370.48 9,604 1,713 20.6 428.3 29.9 
32 727 .55 23,760 1,859 29.1 619.7 6.8 
33 250.05 4,949 2,107 21.6 21.1 56.6 
34 267.58 5,669 4,583 18.6 305.6 73.5 
3€ 239.52 6,020 1,679 26.1 559.7 14.2 
36 482.09 16,340 1,12 18.3 20.5 225.4 
37 427.75 9,224 1,281 28.2 256.1 28.0 
38 121.03 1,454 1,283 20.0 1,282.7 26.3 
39 296.22 6,062 5,820 18.8 323.3 40.1 
40 544.23 19,830 2,048 21.4 113. 157.5 











(Continued on next page) 
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Xi Xs Xs Xs Xr Xs 
1954-| 41 390.14 9,185 2,749 28.2 687.3 11.1 
1955 42 249.93 4,379 612 17.3 122.3 34.6 
43 332.29 8,540 5,547 23.0 554.7 18.8 
44 231 . 37 3,763 2,433 16.7 128.1 40.4 
45 275.94 4,860 7,464 19.1 622.0 47.9 
46 271.53 6,058 3,359 15.3 279.9 166.1 
47 319.19 8,239 1,855 16.7 61.8 112.4 
48 310.49 7,629 1,960 19.7 43.6 43.6 
49 359.11 9,765 6,970 23.5 1,161.6 42.0 
50 248.92 3,216 674 22.7 168.5 29.9 
51 328.06 7,093 6,210 25.4 540.0 27.9 
52 427.35 12,432 1,235 21.8 823.1 2.9 
53 271.81 6,042 1,193 25.0 1,192.7 6.0 
ot 309.00 15,802 84,167 18.6 1,348.8 6.7 











Source: St. Louis County Superintendent of Schools, Annual Reports (Clayton, Missouri, 
1952 and 1955). 

pupil in ADA, the following other independent variables are included 
in the analysis: 

X, = number of pupils in ADA in public primary and secondary 

schools,° 

X, = public high school pupils as a per cent of total pupils in ADA, 

X, = number of public school pupils in ADA per square mile, 

X, = per cent increase in public school pupils in ADA, 1951-1956. 
These independent variables were correlated with X,, annual total 
current expenditures plus debt service for public primary and secondary 
education per pupil in ADA.’ 

In Table 2, expenditure, assessed valuation, pupil number, high 
school pupils, density and growth data are given for the 27 school 
districts in the St. Louis City-County area with both primary and 
secondary schools in 1951-1952. and 1954-1955, respectively. This area 
has a population of about 1.5 million. 

The multiple regression equation was found to have the following 
values for the years 1951-1952:’ 


X, = 49.714 + .0177X, + .0108X, — .000000137X; + 3.633X, 





(4 1) (.00122) (.00478) (.00000000583) (1.275) 
‘ — .0166.X, — .558.X, . 
(.0253) (.212) 


* Number of pupils was chosen as an independent variable to reflect the scale of opera- 
tion of school districts. No similar national data are available going back to 1900. 

* Since these are cross section data and the length of the school year in the St. Louis 
City-County area was about the same in all school districts in one period, it was possible 
to use annual in place of daily expenditure data. 

7 Consistent with experience in the private sector of the economy, it was assumed that 
the pupil number-expenditure function might be curvilinear. 
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The multiple regression equation was found to have the following 
values for the year 1954-1955: 


X, = 92.859 + .0229X, + .00416.X, — .000000070LX; 4- 3.371X, 
(.00120) (.00266) (.0000000304) (1.584) 


net .0442X, —— .209X, . 
(.0153) (.128) 





(4.2) 


Again, the figures in brackets are standard errors of the net regres- 
sion coefficients. Under the circumstances, they are statistically 
significant at a probability level of .05 in case the ratio between 
coefficient and standard error is larger than 2.09, if we neglect the 
sign. Significant coefficients are underlined. The coefficient of deter- 
mination adjusted for degrees of freedom lost (Ri ssters) for the two 
periods is .891 and .959, respectively. It is highly significant at a 
probability level of .05. 

The Fabricant and Brazer cross section studies pertained to a single 
time period. The present study is of two successive time periods and 
makes possible comparisons over time. The net regression coefficient 
relating expenditures to assessed valuation of real property increased 
from .0177 in 1951-1952 to .0229 in 1954-1955. It was a statistically 
significant increase at a probability level of .05. 

The average quasi-income elasticity of education was found to be 
+ .594 for 1951-1952 and + .593 for 1954-1955. No significant change 
in the average quasi-income elasticity had taken place.’ 

Further comparisons are revealing. The 1951-1952 and 1954-1955 
average quasi-income elasticities of the five major public education 
expenditure categories lend themselves to comparisons. Thus, the St. 
Louis City-County elasticity was + .29 for fixed charges, + .42 for 
instruction, + .50 for general control, + .55 for plant operation and 
maintenance and + 1.15 for auxiliary services. It is interesting to note 
that, with but one exception, the income elasticity for instruction is 
lowest. Fixed charges are the exception, where a low income elasticity 
is not surprising. By definition, these charges vary little with income. 
This finding points to the fact that even as more funds become available 
for public schools, there is no assurance that they will be channelled 
into those activities where they are needed most. 

Finally, the quasi-income elasticity of education can be compared 
with that for fire protection and police protection in the St. Louis 


8 The increase in the magnitude of the net regression coefficient was offset by a de- 
crease in the ratio between per pupil assessed valuation of real property and per pupil 


expenditures. 
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City-Country area during the same time period. The former was 
+ 10.1 and the latter + .98. 

Thus, no matter which of the two concepts is used, there can be 
little doubt that the income elasticity of public education is quite low. 
Especially low appears to be the income elasticity of instruction, which 
gives particular cause for concern. It is low in comparison to income 
elasticities of other public services and, in particular, of such consumer 
amenities as air-conditioning, automobiles, etc. It is also low compared 
to what it must be if public education in the United States is to be 
improved. 


5. CONCLUSIONS 


These empirical findings of relatively low income elasticity for pub- 
lic education pertain to a wealthy country with a federated political 
and tax system. So far the central government has contributed vir- 
tually nothing towards defraying the costs of education. It would be 
revealing to know more about the income elasticity of education in 
other countries, and whether countries with a federated system tend 
to have lower elasticities than those with a centralized one. 

Recent universal concern with economic growth has once more fo- 
cussed attention on the pivotal role played by education. Thus, great 
interest is expressed in getting people to spend a larger proportion of 
their incomes on education. To bring about positive changes appears 
easier in a centralized political and tax system than in a federated 
one. It is of interest to consider what countries with federated sys- 
tems can do to raise the income elasticity of education. 

Two major roads are open—raising the rates of existing proportional 
taxes and increasing the share of progressive taxes as well as their 
progressivity. In many countries proportional taxes, especially proper- 
ty and sales taxes, are the main sources of income of noncentral gov- 
ernments, and in some cases the electorate votes on tax rates. 
Under those circumstances, which are typical of the United States, 
enlightened and persuasive leadership might be needed to affect people’s 
fundamental attitude toward public education and induce them to vote 
higher tax rates. 

The second road can be travelled in two different ways. In addition 
to persuasion, fiscal incentives can be used. Most central governments 
rely more on progressive taxes than do the other governments. Thus, 
by providing macthing central funds the percentage of revenue raised 
through progressive taxation can be increased. The matching funds 
should not induce relaxation of local tax effort. Instead they should 
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increase the funds available for public education and assure judicious 
use. 
With this in mind, matching central funds would best be tied to 
specific performance criteria in the form of eligibility requirements. 
Two important ones are minimum tax effort and a state- or province- 
wide floor below which educational opportunity is not allowed to fall. 
Thus, only jurisdictions that raise a given per cent of personal income 
for education should be eligible. In addition, a certain minimum 
education budget per child needs to be underwritten by each state 
or province. Fiscal incentives could also take other forms. For ex- 
ample, the central government could credit other governments with 
specified amounts in case they raise additional funds in the form of 
progressive taxes. 

If the income elasticity for instruction is much lower than that for 
such other education expenditures as administration, plant operation 
and maintenance, auxiliary service and plant construction, ‘‘block’’ 
grants, i.e., grants for an unassigned general purpose in place of 
grants for specific purposes, will tend to be wasteful and not too effec- 
tive in raising the quality of public edugation. 

Much work remains to be done before a better understanding can 
be gained on how individual preferences are revealed through the 
voting mechanisr. and lead to social choice between private and public 
use of resources, in particular education. In the meantime, empirical 
income elasticities can help monitor a country’s commitment to quality 
public education. 


Washington University, U.S.A. 
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A TEST OF THE CONSTANCY OF INPUT-OUTPUT 
COEFFICIENTS AMONG COUNTRIES* 


By TSUNEHIKO WATANABE’ 
1. INTRODUCTION 


DURING THz 1950’s, a considerable number of interindustry tables 
and associated publications became available. Comparisons of these 
results by Chenery and Watanabe [3], Cao-Pinna [1], and Balboa [5] 
have led to the conclusion that a considerable degree of uniformity 
exists in the interindustry structure of production, despite marked dif- 
ferences in factor endowments, income levels, etc. 

To extend these previous studies in a more precise way is the princi- 
pal purpose of the present investigation. Specifically, the present 
paper tries to provide some empirical evidence as to the constancy of 
input-output coefficients using cross-country data from fifteen countries, 
and to indicate plausible interpretations of the results. The finding 
of fairly constant coefficients by many industries may be useful in 
development theories and planning methods. 


2. BASIC DATA 


The basic materials used here are input-output tables from fifteen 
countries, which include five countries with income per capita less than 
about $200 (India, Peru, Spain, Yugoslavia, and Japan), five countries 
with income per capita varying between $200 and $600 (Colombia, 
Italy, Argentina, Puerto Rico, and the Netherlands), and five countries 
with income per capita over $600 (Norway, U.K., Canada, Australia, 
and the U.S.).’ 

In the basic input-output tables, there were three important diffi- 
culties that might make the data not exactly comparable, i.e., (i) 
differences in the valuation of production, (ii) limitation on the size 
of the production matrix, and (iii) differences in the treatment of 
imports. It was almost impossible to make allowances for different 
methods of valuation except in the case of Italy. Therefore, conver- 

* Manuscript received August 25, 1960, revised March 20, 1961. 

1 Paper read at the Stanford Meetings of the Econometric Society, August 24, 1960. 
This is one in a series of international comparisons undertaken as part of the Stanford 
Project for Quantitative Research in Economic Development, which is financed by the 
Ford Foundation. The author has benefited from helpful suggestions by H.B. Chenery, 
H.S. Houthakker, L. R. Klein, H. Uzawa, and the referee, and also from research assist- 


ance by J. Biemans, D. Ibarra, and J. Liechty. 
2 Detailed information on input-output tables in these countries is contained in [2(Ch. 7)}. 
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sion of purchaser’s price into producer’s price was undertaken for 
Italy only; whereas all others were left unchanged.’ Most imports 
were charged to that industry which produces the same kind of com- 
modity domestically; i.e., most imports were assumed to be competitive. 
The individual input-output tables were rearranged to follow a uniform 
classification, as in Table 1. The classification used contains twelve 
manufacturing industries, two primary industries, one service industry, 
and construction and electricity.‘ It was, however, easy to identify 
exogenous sectors, i.e., value added and final demand, in this way. 
Therefore, the basic framework of the input-output account recon- 
solidated here has the following accounting identity: 
(Intermediate demand for seventeen industries) 
+ (Intermediate demand for sector residual) + (Final demand) 
= (Intermediate purchases of seventeen industries) 
+ (Intermediate purchases of sector residual) + (Value added) 
= (Output) 








TABLE 1 
INDUSTRY CLASSIFICATION 
U. N. international standard 
industrial classification 

1. Agriculture, forestry, fishing 01, 02, 03, 04 
2. Mining 11, 12, 13, 14, 19 
3. Food manufacturing 20, 21, 22 
4. Clothing 24 
5. Textile manufacturing 23 
6. Lumber and wood products 25, 26 
7. Paper and printing 27, 28 
8. Leather products 29 
9. Rubber products 30 
10. Chemicals 31 
11. Petroleum and coal products 32 
12. Nonmetallic mineral products 33 
13. Metal products 34, 35 
14. Machinery and transportation equipment 36, 37, 38 
15. Construction 40 
16. Electricity, gas, water service 51, 52 
17. Tertiary 61, 64, 71, 73, 81, 83, 90 
18. Residual 39 








* Among fifteen countries, nine were valued at producer’s price. 


*‘ Even at this level of aggregation, some countries were hard to fit in. In those 
cases, further aggregations of industries were made. 
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The input-output coefficients for each of the fifteen production matrices 
were calculated as the ratio of the intermediate flow in each cell to 
the corresponding total output. 


3. THEORETICAL FRAMEWORK 


There are two suggested hypotheses as to the constancy of input- 
output coefficients. They can be interpreted either as technological 
parameters that are defined in physical terms (Leontief [8]), or as con- 
stant in value terms (Klein [7]). 

The Leontief production function is defined as a linear production 
function with fixed proportions of factor inputs. The inputs of the 
jth sector are denoted by X;,,7 =1,2,-+-,m. The ratios 


Ay = 


are defined as constant technical coefficients, where X,= output of 
the jth industry and X,,= output of industry 7 used as input in j. 
From a practical standpoint, however, the coefficients A;, must be 
defined as ratios of values, since there is hardly any sector or industry 
which produces only one output. Klein’s interpretation of Leontief’s 
system meets this consideration. His theoretical model, as well as its 
empirical counterpart, proposes the constancy of the following ratio 
of values instead, 


Ay om PX; 
P,X, ’ 


where P’s are prices of each output, and X,, and X, are the same as 
in the Leontief case. Assuming a perfectly competitive market economy 
and a treatment of profit as a payment to the capital factor, 
the marginal productivity doctrine of factor rewards leads this con- 
stancy of the input-output coefficients in value terms to the Cobb- 
Douglas production function with homogeneity of the first degree [7], 
[9]. The Cobb-Douglas is not the only admissible production function 
for the Klein model in general, but it is the only function which has 
an exact correspondence to the present assumptions. Conversely, if the 
production function is the Cobb-Douglas, the constancy.of the in-put- 
output coefficients in value terms is obtained by the same assumptions. 

In testing the plausibility of these two interpretations by using 
cross-country data, we have the limitation that no data with respect 
to prices are available, which means we cannot use quantities in terms 
of physical units in our test. Therefore, some theoretical qualification 
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is needed before statistical analysis can begin. 
Following the neoclassical model, we shall write the production func- 
tion as 


(1) X = f(X,, +++, X), 


where X,, --- , X, are factors of production used in producing the output 
X. This function is assumed to satisfy all the neoclassical conditions. 
Given the prices of factors of production, P,, --- , P,, and of output P, 
the principle of profit maximization under a competitive market econo- 
my gives the following marginal conditions: 

P. af , 

2 om = : =— iF eee e 
(2) P ~ Ox, a ,n 
Since our statistical information is limited to the product of the price 
and the quantity, i.e., PX and P,X; for all i, equation ( 2 ) is specified 
to give the following relations in order to derive the production function: 


(3) PX; = c{PX), t=1,-+- an, 


where ¢; is constant.’ This suggests the Cobb-Douglas type of produc- 
tion function as a parametric form for (1). 

There are several ways to evaluate the validity of equation (3) 
statiscically. In the present investigation, we assume that a general 
linear relation exists between (P,X;)* and (PX)* or transformations of 
these variables. That is 


(4) log (P,X,)* = log By; + 8, log (PX)* + &* 


was set up as the statistical equation to be tested using cross-country 

data, where ¢ is a random disturbance and k represents countries.’ 
The test criterion applied to equation (4) is that §8,,=1 for all 

i=1,---,n." If 8, =1 for all i, the estimates of 8,,, i.e., Boy can 


§ From the basic tables, it is possible to distinguish the following variables: 
(P;K;* = the value of output in the jth industry of the kth country, 
(P:Xi;)* = the value of the interindustry flow to the jth industry from the ith 
industry of the kth country, 
at, = (P.Xi3)*/(P)X;)* = the input-output coefficients, 
where i and j represent industries 1 through 17, and k represents the countries from 1 
to 15 as stated above. For the sake of convenience, the suffix 7 was omitted from the 
notation in the text. 
* If we formulate the following statistical equation as an alternative model to equation 
(4), 
(PXi* = ang + ar(PX}F +E, 
the test criterion is that ao, = 0 for all i. In the following computations, this type of 
statistical equation was tested in several cases for the purpose of confirmation. 
? Furthermore, this condition is needed to maintain the invariance of the results with 
respect to selection of exchange rates. 
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be used to estimate c;. Furthermore, if 2§,; = 1, we can say that the 
production function is the Cobb-Douglas with homogeneity of the first 
degree. Then, the constancy of the input-output coefficients can be 
given an empirical examination only under Klein’s interpretation, as 
mentioned above.’ 

The lack of sufficient variation of the relative price ratio (P,/P) will 
give a significant limitation to the above interpretation. If the varia- 
tion of (P,/P) is not sufficiently large among countries concerned, which 
implies that our observations are concentrated in the local range of 
an equilibrium point on the production function (1), then different 
production functions, including the Leontief function, have to be 
considered. 


4. STATISTICAL RESULTS 


The first step in the statistical investigation of equation (4) is to 
specify the number of inputs to be tested in each industry. There 
are seventeen intermediate inputs and two primary factors, i.e., capital 
and labor. The actual procedure used here, under the restriction of 
the availability and the reliability of data, was as follows: (i) To 
determine several principal inputs to each industry, (ii) to prepare a 
coefficient of value added, which, due to the lack of independent in- 
formation, must be a combination of the coefficients of capital and 
labor cost, (iii) to determine the residual input coefficient which cor- 
responds to the value of unity minus the sum of the principal coef- 
ficients and value added ratio. The principal input coefficients were 
determined from the relative size of each coefficient in each industry 
and also from common technological knowledge. Table 2 gives the 
naimes of principal inputs which were selected for each of fifteen 
industries.’ 

This procedure resulted in the selection of three, four or five inputs 
in each industry.” For these selected inputs and the corresponding 


® In order to test the Leontief production function with the same type of procedure as 
(4), we have to set up a statistical relation, 


log (P:X;) = do + &: log (PX) + slog (=) +2, 


where the criterion should be 6: = 62 =1. Since price data are needed to test this rela- 
tion, there is no direct way to examine the Leontief function in the present situation. 

* Petroleum and coal products and tertiary sectors were omitted due to the significant 
lack of comparability in classification. 

© The selection of inputs gave the following composition: Among 34 principal input 
coeff ients, about half of them were composed of agriculture, chemicals and energy, 
and aiso leather products, paper and printing Rubber products and construction did 
not occur as separate inputs 
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TABLE 2 


ESTIMATES OF PRODUCTION FUNCTIONS? 















































Inputs Bu Sé,, logBos Siogo, R 
1 Agriculture (N = 13) 
3 Food .7460 .248 — .8575 .872 45 
10 Chemicals .9947 .313 —1.6248 1.110 48 
Others 1.1155 .137 —1.0416 482 .86 
Primary factors -9986 .012 — .1699 .041 99 
2 Mining (N = 13) 
13,14 Metal products and ; 
machinery 1.2270 . 238 —1.2107 .640 71 
11,16 Energy 1.0218 .103 — .6148 .276 .90 
Others 1.0689 .178 — .9878 .150 ae. 
Primary factors .9572 .053 — .0439 .142 .97 
3 Food (N = 14) 
1 Agriculture 1.0700 069 — .7162 231 95 
17 Service, trade, and 
transport 1.0923 .059 —1.0843 .198 ‘ 
Others .8910 .160 — .4235 534 .72 
Primary factors .9780 .064 — .5150 .212 .96 
4 Clothing (N = 10) 
5 Textiles 9985 1055 — .4558 15398 
10 Chemicals 1.2149 .224 —1.8240 .620 .89 
Others 1.0978 .103 — .9047 . 286 .93 
Primary factors .9337 .054 — .2599 .128 .97 
5 Textiles (N = 10) 
1 Agriculture 1.0158 .065 — 6464 .189 .97 
10 Chemicals 1.1874 .094 —2.0368 271 95 
Others .9937 058 — .5019 .169 97 
Primary factors .9770 .040 — .3530 .115 99 
6 Wood products (N = 13) 
1 Agriculture -9334 .037 — .3740 .091 .98 
11.16 Energy .9637 064 — .9644 .156 .96 
Others 1.0498 054 — .6757 131 .97 
Primary factors .9996 .044 — .4128 .107 .98 
7 Paper and printing (N = 13) 
11,16 Energy 1.0066 113 — .8057 295 .88 
af Eereiee, Same, a4 9262 07 —.7064 127 897 
transport 
Others 1.0026 .043 — .4396 113 .98 
Primary factors 1.0114 .026 — .3664 .068 .99 





@ The regression formula used is 
? log( Pi Xi) = log Bos + Bis log( PX) + ¢. 
R* represents the coefficient of determination, adjusted for degrees of freedom. 


(Continued on next page) 
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Inputs Ais S3,, logo: Siogho, R® 
8 Leather products (N = 11) 
1 Agriculture 8394 .062 — .3878 .144 95 
10 Chemicals .8165 .105 --1.0241 .244 .84 
17 Service, trade, and 
transport 1.0440 094 —1.1707 .217 .92 
Others 1.1993 lll —1.0334 .256 91 
Primary factors 1.0477 .050 — .5860 115 .98 
9 Rubber products (N = 9) 
1 Agriculture -9266 -083 — .6272 152 -95 
4,5 Clothing and textiles 1.0552 .058 — .9612 .107 .98 
10 Chemicals 1.1376 .103 —1.4322 191 95 
Others 1.2275 .082 —1.1541 .150 .97 
Primary factors .8702 .071 — .2101 .130 96 
10 Chemicals (N = 13) 
l Agriculture .9762 .093 —1.2727 . 256 91 
2 Mining 1.1210 131 — .8134 .358 .87 
11,16 Energy -9135 .124 —1.2884 .338 .83 
Others 1.0338 .024 — .4210 065 .99 
Primary factors .9592 .024 — .2976 .065 .99 
12 Nonmetallic mineral products (N = 13) 
2 Mining -9408 091 — .770 .210 91 
10 Chemicals 1.0369 .099 —1.7201 .231 91 
11,16 Energy -8798 .137 —1.1158 .318 .80 
Others 1.0944 .080 — .8553 .185 95 
Primary factors .9506 .064 — .1565 .149 .95 
13 Metal products (N = 12) 
2 Mining .9996 .034 — .8650 .103 .99 
11,16 Energy 1.0591 .104 —1.5015 .312 91 
Others 1.0616 .047 — .5751 .140 -98 
Primary factors .9560 .061 — .2855 .183 -96 
14 Machinery (N = 12) 
10 Chemicals -9739 -052 — .7409 -160 -97 
13 Metal products 1.0039 .071 — .7801 .219 .95 
Others 1.0750 .045 — .7165 .138 -98 
Primary factors .9508 .033 — .2043 .101 .99 
15 Construction (N = 10) 
6 Wood products 1.1455 .136 —1.6729 .447 -90 
12 Nonmetallic mineral 
peoducte .8031 .089 — .3064 .186 .89 
7 Metal products .9983 .092 — .9611 .301 -94 
Others 1.0619 .108 — .8108 .354 -92 
Primary factors .9920 .046 — .3362 .151 .98 
oa 16 Electricity (N = 13) 
2, 11,16 Mining and energy 1.1459 .208 — .0624 .502 .74 
Others 1.0672 . 268 — .2048 .649 59 
Primary factors .9776 .033 — .1783 .079 .99 
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output, equation (4) was fitted by the method of least squares. 

The outcome of this procedure is summarized in Table 2, which gives 
the estimates of 8,; and of log 8,;, the number of observations, and 
the coefficient of determination, R’. 

In testing the hypothesis, 8,; = 1 for all i, the statistical significance 
of the departure of 8,, from unity must be based on the estimated 
standard error. For this purpose, if one of the estimates, 3,,, in an 
industry did not satisfy the relation, 1 —2S;,,< 8 <1+ 2S;,,, the 
hypothesis 8,,;=1 for this industry was rejected." Following this 
procedure, three industries, leather products, rubber products, and 
construction, were found to have values significantly different from 
unity. 

Also, since there is a choice of two regressions for the test of equation 
(3), using simple least-squares procedures, the same significance test 
must be applied to the regression coefficient, @,;, in the equation, 


log(PX)* = log 0; + 9,; log (P;,X;)* + p* , 


where # is arandom disturbance. Applying this procedure, we omitted 
four industries—agriculture, mining, processed food, and construction— 
for the same reason as before. 

As a result of these two kinds of testing, the null hypothesis that 
8,;=1 for all 7 was not rejected in seven manufacturing industries.” 
In these seven industries we may conclude that the Cobb-Douglas type 
production function is appropriate if we can assume sufficient variation 
in the relative price ratio, although the sample size may not be suf- 
ficiently large to feel perfectly sure about this conclusion. 

Consideration was next given to the constancy of returns to scale, 
i.e., whether 38,,=1 or not. In this case, there are two estimates 
of §8,;. The first estimate will be derived from equation (4), and the 
second estimate will be given by the following equation: 


(5) log (P,X;,)" = log 83; + log(PX)* + o*, 


where the regression coefficient of log(PX)* is assumed to be equa! 
to one; i.e., the restriction §8,,;—1 is imposed a priori. Since the 
errors in equation (5) are assumed to be additive for logarithms, the 
estimate of 8}; can be computed as the ratio of geometric means of 
original variables. Estimated production functions for seven industries 


11 This criterion corresponds to the usual t-test with significance level at 5 per cent 
with sample size 10 to 14. 

12 It may be difficult to make a definite statement in regard to the above discussion. 
Although we are able to reject the null hypothesis, the acceptance of this hypothesis is 
subject to errors of the second kind. 
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are summarized in Table 3, where a corresponds to the estimate of 
equation (4) and } to the estimate of equation (5). 





TABLE 3 
ESTIMATES OF PRODUCTION FUNCTIONS 

Clothing a X=A, Xi” Xi” Xi” Xr hos = 1.027 

» %=-41 Fi" Xe’ x" x Dh = .946 

Textiles a X24, Xi” xe” Xe" «xP Tho = .994 

b X=2As Xi” Xe” OX” OXF Thx = .966 

Wood products a Xe=Ae Xi™ Xithe Xi" X25 Thos = 1.082 

» whe Xi”. Sew I". 25 Dbos = 1.047 

Paper and printing a X; = Ar Xinw X= 2OXs" XP Tho = 1.146 

b Xr =A? Xiisw Xi Xi” Xr Dba = 1.119 

Chemicals a Xwe=Awo Xi” Xi" Xite Xi” XPr Tho = 1.003 

b Xw=Aw Xi” Xi" Xitw Xi" XPr Dh = .969 

Metal products a Xs=Ay Xi” Xittw Xo” Xr Xiu = .953 

b Xe=An X2” Xisw Xe” Xr Thi = .971 

Machinery ea Xyuwdy XS Xe’ Xs" XPr Thos = 1.015 
» 


Xu = An Xn Xz” re xi Spe = 1.094 





Note: X» represents all other inputs in each industry, and Xpz shows combined inputs 
of capital and labor in each industry. 


It may be noted here that complete estimation of a production 
function, which includes estimates of scale constants A,, is possible only if 
price data are available. From Table 3, we would accept the hypothesis 
that 38,, or 38% is equal toone. Therefore, in these seven industries, 
the Cobb-Douglas production function with homogeneity of degree one 
can be assumed and Klein’s interpretation of the constancy of the 
input-output coefficients under the conditions stated in the previous 
section would be correct, assuming sufficient variation in prices. 


5. A SUPPLEMENTARY TEST 


So far, our discussions have been restricted to the principal co- 
efficients. In this section we should like to extend our analysis to the 
whole set of coefficients. As mentioned earlier, there was not enough 
uniformity in either the industry classification or the valuation of pro- 
duction to make a complete analysis. The comparisons of the whole 
set of coefficients which we can do here are only supplementary. For 
this purpose a pair of industries in two countries was compared by the 
Wilcoxon test [10]." In every case, the Japanese input coefficients 


‘8 There are two reasons for using the Wilcoxon test: (i) The incompleteness in the 
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TABLE 4 

COMPARISON OF MAJOR SECTORS 
+ ae 
° Po 
a] 3) i ° 
g|s BE) l@! lege 
Industry Country 2 = y = e = sg 
,ieZIeiszizigsle2 EIS eiss 
PIs /SIZIialSIS5/$8$ (8/5 2s 
2i\Si/alsSifizig@ialais= & 
Agriculture al|*ia@atairviajaltalalr {29 
Mining ri*taitajtjajajai*iajia {ip 
Food manufacturing @aitj@sja@sitaja@jsjajstajsiat|lea joo 
Clothing alia ajlajia 0/5 
Clothing and textiles aja riajia {1p 
Textile manufacturing ala ajaia 0/5 
Chemicals al@iasjasjastatstajatiajia ji/1 
Nonmetallic mineral products aljrija@aij/aj@jajsalstriaja {2/0 
Metal products al*iajaia{*ialtalsiajla jos 
Machinery ril*talalal*ia/*lala 1/7 
Electricity al*iaiaijriaja@aialajeji1p 
Relative frequency of r 2/10} 1/5 | 0/9 | 0/9 | 2/10} 0/8 | 0/10} 2/7 | 0/9 | 1/9 |8/86 











Note: a means the null hypothesis was accepted. 
r means the hypothesis was rejected. 
* means the data were not available. 


were taken as standards of comparison. The null hypothesis to be 
tested was that a set of input-output coefficients in a specified industry 
did not differ between Japan and one of the other countries. That 
is, if this null hypothesis is true, the directions and.the relative mag- 
nitudes of differences between each pair of input coefficients will be 
almost equal. 

The results are given in Table 4. Among 86 pairs of comparisons, 
which include all available underdeveloped countries and several develop- 
ed countries, only eight pairs are significantly different at the signifi- 
cance level of 5 per cent.” 


reconsolidation of the production matrices was significant, and (ii) the effect of changes 
in input-output coefficients could be mainly considered through their direction of change 
and the relative magnitudes, as a first-order approximation. This was pointed out by 
Evans [6]. 

% This result is also subject to errors of the second kind. 
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This might be interpreted as a reflection of constancy in the prin- 
cipal coefficients in the previous section, and also as a confirmation of 
results in previous studies. 


6. CONCLUSION 


Combining the results derived in sections 4 and 5, we are able to 
draw the following tentative conclusions: (i) The degree of constancy 
of the principal input-output coefficients and the value added ratio 
among different countries can be expected to be high. The whole 
set of input-output coefficients shows about the same constancy, but 
our statement in this regard is less reliable. (ii) In manufacturing 
industries, the constancy is much higher than in other sectors, and 
the homogeneity condition is satisfied in these industries. The applica- 
tion of the Cobb-Douglas production function in these industries is 
therefore appropriate, if prices vary sufficiently. Since there was no 
available information on price changes, the choice betv zen Leontief’s 
and Klein’s hypothesis could not be made conclusively. (iii) A typical 
input-output matrix can be usefully applied to those economies which 
do not have their own input-output data, especially to the case of 
less developed countries.” 


Stanford University, U.S.A. 
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NOTE ON CONVENIENT MATRIX NOTATIONS 
IN MULTIVARIATE STATISTICAL ANALYSIS AND IN 
THE THEORY OF LINEAR AGGREGATION* 


By T. KLOEK 
1. INTRODUCTION 


THE INTRODUCTION of matrix notation and the use of matrix algebra 
have led to considerable simplifications in the treatment of those fields 
which are essentially quantitative, linear, and multivariate. In linear 
econometrics, for instance, this statement is valid for both of its theo- 
retical constituents, mathematical economics and statistical analysis. 
The purpose of this note is to give two new contributions to the sim- 
plifications mentioned above. 

The first of these (to be discussed in Section 2) has to do with 
variances and covariances. Measuring variables as deviations from 
their arithmetic means is a common procedure in statistics. Until 
now, however, it has been insufficiently realized that there exists a 
matrix corresponding to this linear transformation, the use of which 
may be profitable in certain mathematical proofs. It can be defined as 


(1.1) N=I1-(1/T)e’, 


N being a square matrix of order JT (which is the number of observa- 
tions in the problem at hand), and ¢ a column vector of T unit ele- 
ments. In Section 2.1 we shall consider some of the properties of 
N. Of course, applications are possible in several fields of statistics, 
especially in multivariate analysis. However, it would be beyond the 
the scope of this note to reconsider these topics. We shall, therefore, 
confine ourselves to regression analysis (Section 2.2) because of the 
outstanding role it has always played in econometric methodology. 
Finally, N appears to have an interesting generalization, which is 
useful in certain regression problems (Section 2.3). 

The other contribution has to do with Theil’s approach to the ag- 
gregation problem (Section 3). Many readers of his monograph on 
this subject [4] have been impressed by his ability to handle four, six 
and even more subscripts or superscripts. But some readers have also 
wondered whether it would not have been possible to simplify things 
a little by the use of a convenient matrix notation. The typical ele- 


* Manuscript received August 9, 1960, revised, January 16, 1961. 
361 








352 T. KLOEK 


ment of a matrix essentially has two indices, a row index and a column 
index, but if a scalar symbol has three indices, one might replace it 
by a matrix with one index, etc. The number of indices may thus 
be reduced by two, which will appear to be of great help in some of 
the proofs. In this note we shall confine ourselves to two cases, viz., 
aggregation over one set of individuals (Section 3.1) and aggregation 
over several sets of individuals (Section 3.2).’ 


2. MEASURING VARIABLES AS DEVIATIONS FROM THEIR MEANS 


2.1. Some Properties of the Matrix N. In this section we con- 
sider the matrix N, defined in (1.1). In order to simplify our formulas, 
we introduce the following symbols: 


(2.1) Ne =(UT)N; & =(/TY. 
Hence (1.1) can be rewritten as 
(2.2) N=I-«,. 


Farther, let us consider a column vector x consisting of TJ sample 
observations on some variable. Its arithmetic mean % may be written 
as 


(2.3) 3m 2. 
Premultiplying x by N, we get 
(2.4) Nze=2-—the=2-—-G, 


and we may conclude that the result of this transformation is that 
we have measured the elements of x as deviations from their mean Z. 

The matrix N has several interesting properties, of which the follow- 
ing are obvious: 


(2.5) N=N, 

(2.6) NN=N=N, 
(2.7) Ne=0, 

(2.8) trN=T-1. 


In words: N is symmetric and idempotent; its rows (columns) have 
zero sums; and its trace is J —1. It is a property of idempotent 
matrices that their characteristic roots are either zero or unity.’ If 
we combine this with the well known theorem that the sum of all 
characteristic roots of a matrix is equal to its trace, we find that one 


* See Theil [4 (Ch. 2 and Section 3.2). 
2 See e.g. Gantmacher [3, (226)]. 
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of the roots is zero, and all others are unity. It follows from (2.7) 
that the charactristic vector corresponding to the zero root is equal 
to ¢, apart from normalization. Since the unit root is (7 — 1)-fold, 
the corresponding characteristic vectors can be chosen arbitrarily, pro- 
vided they are orthogonal to ¢ and to each other’. In statistical terms, 
any set of TT —1 uncorrelated variables with zero means, may be 
regarded, together with /, as the set of all characteristic vectors of 
N. The following geometric interpretation is illustrative. The linear 
transformation corresponding to N transforms the points of a T-di- 
mensional space such that the image of each point coincides with its 
projection on the (7 — 1)-dimensional hyperplane through the origin, 
perpendicular to ¢. 

2.2. The Role of the Matrix N in Regression Analysis. From 
(2.1), (2.4) and (2.6) it follows that we can use N (or N,) to define 
variances and covariances in a simple way. For instance, if we have 
T observations on A variables written in the form of a Tx A 
matrix 

Hy eee Uy 
(2.9) X Hj cececccceen |, 


Xr eeee Ura 


we may write for the covariance matrix of these variables 
(2.10) V(X) = a X'NX = X'N,X. 


Let us now consider a lirfear regression equation‘ 
(2.11) y=XS+u, 


where y is a column vector of JT observations on the variable to be 
explained, X is a T x A matrix containing the values taken by A 
explanatory variables including a column ¢ corresponding to the con- 
stant term, 8 is a vector of A parameters, and wu is a disturbance 
vector. Usually it is assumed that X is of rank A with nonstochastic 
elements and that the elements of u are stochastic with zero expecta- 
tion and a scalar covariance matrix 0°. 
Since 8 and uw are unknown, (2.11) may be estimated by 


3 The fact that the characteristic vectors all exist and can be made orthogonal to each 
other follows from the fact that N is real and symmetric. See, e.g., Zurmihl [6, (184, 
185)]. 

4 If we would have instead an equation which 1s part of a system of simultaneous 
equations, to be estimated by the method of two-stage least-squares, the argument is 
similar. 
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(2.12) y= Xb+v. 


It is well known that least-squares estimation (i.e., minimization of 
v'v) leads to the ‘‘normal equations’” 


(2.18) X'y = X'Xdb, 

from which the solution for 5 is 

(2.14) b = (X'X)'X'y, 

and that the sampling distribution of 6 has the covariance matrix 
(2.15) V(b) = o(X'X)". 


In order to show what happens when one wishes to work with 
variables which are taken as deviations from their means, it will prove 
convenient te partition X, 8 and 6 as follows:° 


(2.16) X=[Z 4, B= (t b= a 


a and a being scalars (the ‘‘constant terms’’). Hence (2.14) is to be 
written as 


an SEF FTE 
a ( fee 3 ¢ 
We also partition (X’X)“ as follows: 
(2.18) « ‘| = bly ad, . 
q fr i: = 


P is a square and symmetric matrix of order 4—1; q is a column 
vector of A — 1 elements; q’ is its transpose; and r isa scalar. Com- 
bining (2.17) and (2.18) we find 

(2.19) b, = PZ'y+aq’y. 

If we write the statement (X’X)"°X'X =I in a partitioned way, we 
find the conditions 

(2.20) PZ'Z+q’Z=I, 

(2.21) PZ':+qT=0, 

from which P and q can be determined. Starting from (2.21), we 


’ Under the assumptions made and an additional multinormality assumption on the 
distribution of the components of u, the maximum-likelihood criterion implies the least- 
squares criterion. 

* Usually (and also in Section 3) X is partitioned as [¢ Z], but in this context it is 
easier to take the reverse order. 
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can express g in terms of P and Z 


(2.22) q= —(1/T)PZ":. 
Substituting this in (2.20), we find 

(2.23) P2Z'Z —(/T)PZ'e'Z =I, 

which can be written as 

(2.24) PZ'NZ=1. 

It follows that 

(2.25) P=(Z'NZ)". 

Combining (2.19), (2.22) and (2.25), we find 

(2.26) b, = PZ'y — (1/T)PZ'e'y = (Z'NZ)"Z'Ny . 


Often variables are taken as deviations from their means at the 
beginning. This amounts to premultiplying (2.12) by N 


(2.27) Ny = NZb, + Na+WNv. 


The second term on the right-hand side vanishes because of (2.7). 
The application of the least-squares procedure to (2.12) implies that v 
is orthogonal to all columns of X, and also to. Consequently, we 
may consider v as a characteristic vector of N corresponding to a unit 
root’ 


(2.28) Nv =v, 
and we may rewrite (2.27) in the form 
(2.29) Ny = NZb,; +. 


Minimization of v’v, according to (2.29), leads immediately to the ex- 
pression after the second equality sign in (2.26).° Both approaches, there- 
fore, lead to the same result. Given 6b, computed according to the 
second procedure, it is possible to find a in an easy way from 


(2.30) a = (1/T)('y — Zz), 
This can be verified by writing 
(2.31) a=qZ'y+rcy, 


which follows from (2.17) and (2.18); r can be determined from the 
condition 


7 Cf. Section 2.1. 

* Sometimes the N transformation is applied only to the explanatory variables and 
not to the dependent variable. In that case we have, instead of (2.29), y= NZbz + v. 
It is easily seen that this does not change our result. 
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(2.32) qVvZ~-+rT=1, 
derived from (2.18): 
(2.33) r=(1/T)\1 — Z's) = (U/T) + G/T) Z(Z'NZ)"2Z"c , 
with q being given by (2.22) and (2.25). 
The covariance matrix of b,, V(b,), is the leading (4 — 1)-sub-matrix 
of V(b). By (2.15), (2.18) and (2.25), we find 
(2.34) V(b,) = @&P = 0(Z'NZ)". 


If we apply the deviation approach of (2.29), we again find that both 
methods lead to the same formula. For the variance of the constant 
term and the covariances of the constant term and the multiplicative 
coefficients we have, finally, 

(2.35) vara = o'r = o°{(1/T) + (1/7) 2Z(Z'NZ)"Z'¢} 

(2.36) cov (a, b,) = o’g = —o'(1/T)Z'’NZ)°2Z"c . 

The contents of most of our conclusions are well known but it is a 
rather complicated affair to prove them without making use of the N 
matrix. 

2.3. A Generalized Transformation. The following generalization 


of the N transformation has some interesting applications. We now 
partition X and 8 in equation (2.11) in a somewhat different fashion 


(2.37) X=[X, X%]; #= rt ; 


such that (2.11) can be written as 
(2.38) y=Xf,+ X8,+4u. 


It is possible to write X, linearly in terms of X, and a residual matrix 
W, as follows: 


(2.39) X, = XXX) XX, + W, 

which implies 

(2.40) W = {I — X(X1X,)° XX, . 

We now have a straightforward generalization of N in the form of 
(2.41) M, = I — XX1X,)"X} , 


which is easily verified by replacing X, by ¢«. M, also appears to be 
symmetric and idempotent, while (2.7) and (2.8) are generalized by 


(2.42) M,X, = 0 
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(2.48) tr M,= T —4,, 


A, being the number of columns of X,. There are A, zero roots and 
T — A, unit roots. The characteristic vectors corresponding to the 
former can be written as linear combinations of the columns of X,, 
while those corresponding to the latter are orthogonal to the columns 
of X, (e.g., v). 

Proceeding in the same way as in Section (2.2), it is easily proved 
that the least-squares estimator 6, of 8, can be written as 


(2.44) b, = (X{M,X,)*X My . 


Again, the same result may be obtained by first transforming all vari- 
ables by means of premultiplication by M, 


(2.45) My = M,X,b, + v 


(making use of M,X, = 0 and My = v) and then estimating b, by the 
method of least squares. 

The latter method is computationally simpler if one is not interested 
in 6, (the constant term in the case of Section 2.2), while there is no 
difference in this respect in the opposite case. 

An important consequence of this general method is that it does 
not make any difference for the results whether a trend or a seasonal 
pattern is included among the explanatory variables, or removed in 
advance from the other variables, provided this is done in a linear 
way.’ 


3. LINEAR AGGREGATION OF ECONOMIC RELATIONS 


3.1. Aggregation over One Set of Individuals.” Since the only 
purpose of this note is to discuss some simplifications in notation, the 
ideas of Theil’s aggregation theory will be explained very concisely. 
For an extensive treatment reference is made to his monograph [4], 
for a short survey to [5] and for an empirical application to Boot and 
De Wit [1]. 

We start by considering K individuals who have each their own linear 
behavior relation founded on microeconomic theory. We write these 
equations in the form of linear regression equations 


(8.1) VY, = XiBy + Uy (k= 1,-+-,K), 


y, being a column vector of 7 values taken by the endogenous variable, 
X, being a T x A matrix of nonstochastic values taken by the exog- 


* For the special case of the trend, this was proved by Frisch and Waugh [2]. 
1 See Theil [4 (Ch. 2)]. 
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enous variables," 8, being a column vector consisting of 4 unknown 
microparameters, and u, being a disturbance vector consisting of T 
random elements with zero expectation. 

Further, an analogous macrorelationship is postulated 


(3.2) y=XB+u, 
where y and X are aggregates”, defined by 
(3.3) y=2y,, 

(3.4) x = 2X, . 


The summation in (3.8)-(3.4), as well asin the rest of this subsection, 
is extended over k = 1,-++-,K; 8 is defined as the mathematical ex- 
pectation of its least-squares estimator” 


(3.5) B= E{(X’X)°X'y} ; 


and u is defined implicitly. 

In order that it be possible to express the macroparameters £ in 
terms of the microparameters §,, the so-called auxiliary equations are 
introduced 


(3.6) X, = XB, + V, (k=1,+++,K), 
B, being computed by the method of least squares” 
(3.7) B, e& (X’'X)7*X'X, (k = 1, veo, K) . 


The relationships (3.6) are entirely formal; no direct economic meaning 
should be attached to them. 
By substitution of (3.3), (3.1), and (3.7) in (3.5) we find” 


(3.8) B= E{(X'X)°*X'S(X,8, + u)} = 2B,A, , 
and by substitution of (3.1), (3.6), and (3.8) in (3.3) 


1 In order to be in agreement with our definition (3.4), we take, if (3.1) contains a 
constant term, the first column of X; not as ¢ (a column vector of T unit elements) but 
as (1/K)¢, and the first element of §, not as the constant term but as K times the con- 
stant term. 

12 Sum aggregates may be replaced by fixed-weight aggregates (i.e., index numbers) 
without !oss of generality. See Theil [4 (12)]. 

18 It is assumed that X has rank /. 

44 If the relationship (3.1) contains a constant term, it is easily seen that the first column 
of By is equal to the transpose of (1/K) (1 0---0), and that the first column of V; is 
a null vector (all %). (Hint: partition X, and X such that (1/K)¢ and ¢ are written 
explicitly.] 

1 The results (3.8) and (3.12) are equivalent to Theil’s Theorem 1 [4 (13, 15)], while 
(3.10) and (3.13) are special cases of his formulas (9.10) and (9.13) [4 (185. 186)}. 
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(3.9) y = 2(XB, + V,)8, + Su, = XB + TVA, + Tu,. 
Combining (3.2) and (3.9) we get 
(3.10) u=ZV,8, + Ju,. 


Further, it is possible to substitute (3.6) in (3.4), which leads to the 
identity 


(3.11) X = XIB, + ZV,. 
We conclude 

(3.12) ZB, = 

(3.13) 2V,=0. 


which are the weight rules in linear aggregation. 

Finally, we consider the least-squares estimator of the vector of 
macroparameters 8. Making use of (3.3), (3.1), (3.7), and (3.8) we 
find” 


(3.14) b= (X'X)7*X'SX,B, + (X'X) 7X’ Su, = B+ (X'X) XT, ; 


hence (X’X)"'X'Su, is the implicit sampling error of the macroeconomic 
least-squares estimator. 

3.2. Aggregation over Several Sets of Individuals.” Let us now 
consider a somewhat more general case. Suppose that there are K 
individuals or commodities and K (endogenous) microvariables corre- 
sponding to them. Suppose that these variables depend linearly on 
several other exogenous microvariables possibly belonging to other 
sets of individuals or commodities. Then we can write 


# 
(3.15) Me = 2 XP + (k=1,-++,K), 
=i 
where H is the number of individuals or commodities corresponding to 
the macrovariables X.” 
The postulated macrorelationship has again the form (3.2); y and 8 
are again defined by (8.3) and (3.5), respectively. For X we now have 


(3.16) X=) K,, 


and for the auxiliary equations 
(3.17) X, = XB, + Vz, 


18 See Boot and De Wit [1 (10)]. 

17 See Theil [4 (Sec. 3.2)]. 

18 In fact, this number may be different for the different columns of X,, but this can 
easily be remedied by putting zero vectors in the empty columns. 
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where 

(3.18) B, = (X'X)7X'X, . 
Proceeding now as in Section 3.1, we find” 
(3.19) B= SB Bu: 

(3.20) w= Vi Pn +O, 
(3.21) Lu B,=I, 

(3.22) » V,=0, 


while (3.14) is valid without change. 


Econometric Institute of the Netherlands School 
of Economics, Netherlands. 
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DURABILITY OF CAPITAL AND RATE 
OF GROWTH OF NATIONAL PRODUCT* 


By LeIr JOHANSEN 
1. INTRODUCTION 


IN RECENT YEARS the relation between the observed rate of growth 
of national product and the investment quota has been a central theme 
in current economic debate in Norway. The investment quota has 
been higher than in most other countries, but the rate of growth of 
national product has not been ‘‘correspondingly’’ high. In 1959, the 
volume index for gross national product on a 1953 base was 119 for 
Norway; whereas the index for all OEEC countries combined was 128. 
Taking 1955 as a typical year, the gross investment quota was 31 per- 
cent for Norway, compared with 18 percent for all OEEC countries 
combined. 

Now if one does not stick to the simplest type of growth models it 
is very easy to find possible explanations of the fact that a country 
has a high investment quota without having a high growth rate. 
For instance, the growth of the labor force should obviously be taken 
into account.’ 

The purpose of this paper is to examine one special argument which 
has been advanced in connection with the problem mentioned above. 
It has been argued that the average durability of capital in some 
of the most important Norwegian industries, such as hydroelectric 
power plants, ships etc., is very high. This should be a drawback in 
the attempt to achieve a high growth rate. 

On the other hand, it has been argued that if the investment in 
these sorts of durable capital equipment yields a normal rate of interest, 
it should be as good as other investment. Alternatively, if invest- 
ment does not promote growth of production to the same extent as 
in most other countries it must mean that investment in Norway is 
less profitable than investment in other countries. 

In order to state the problem precisely one must clearly distinguish 
between gross national product and net national product, and between 
gross investment and net investment. In most international com- 
parisons the gross concepts are used. Theoretically, however, it may 
be more interesting to consider the net concepts. We shall, in this 


* Manuscript received October 1, 1960. 
1See, e.g., [4]. The model used there is a special case of a model presented in [3]. 
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paper, examine the validity of the argument both as applied to gross 
and to net concepts. 

Further, it is important to distinguish between the effects of durabil- 
ity on the asymptotic growth rate and the immediate effects of a 
switch-over from investment with a lower to investment with a higher 
durability. 

In order to isolate the matter of the durability of capital from other 
aspects of the problem, I find it reasonable to compare cases in which 
the yields of capital as measured by internal rates of interest are the 
same while the durabilities are different. 

Other authors have investigated the effect of the durability of capital 
on the growth rate, but on other assumptions. In [2], E. Domar 
considers the problem of finding optimum durability with respect to 
the growth rate of national product when the investment quota is 
kept constant, and there is a technical relationship between durability 
and the capital coefficient, i.e., when ‘‘greater capital longevity must 
be paid for.’’ 

In [1], H. Brems investigates the effects of technical progress which 
increases the durability of capital without affecting its productivity. 
However, none of these studies considers differences in the durability 
of capital which are compensated by differences in the productivity 
of capital in such a way that the internal rate of interest remains 
the same. 

The model which we shall employ is a pure capital accumulation 
model. However, in the final section we shall offer some sugges- 
tions as to how the growth of the labor force could be introduced in 
the picture without altering the nature of the conclusions. 


2. THE ASYMPTOTIC GROWTH RATE 


We shall consider the problem for the asymptotic growth rate. We 
proceed by studying first a ‘‘gross model’’ and then a ‘‘net model’’. 
These models are similar to E. Domar’s §8-model and a-model, respec- 
tively, [2]. 

2a. The gross model. The model contains the following variables 
and coefficients: 

X is the gross national product; 

K is the total stock of capital; 

k is the gross investment; 

&€ is the productivity of capital; 

& is the gross investment quota; 

T is the durability of capital equipment. 
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We assume only one sort of product, with a constant price equal to 
unity, which can be used alternatively for consumption or accumula- 
tion. 

Assuming that capital retains its full productivity over its useful 
life span, we have the following model: 


(2.1) k(t) = BX(t), 
(2.2) X(t) = Kit), 
(2.8) Kit) = \\_k(e)de 


From this model one obtains 
X(t) = ee X(ede, 


with a corresponding characteristic equation 

(2.4) oO = B&(1 — e-*?). 

For plausible values of 8 and € this yields a unique real solution for 
?, which is the asymptotic growth rate of the national product (and 
also for the other variables of the model); cf. the discussion in [3 (sec- 
tion 5)]. 

Our problem now is to investigate how ¢ is affected by the value 
of T, keeping the internal rate of interest constant. We must first 
define this rate in terms of & and T. 

Let the internal rate of interest be r. This rate should be defined 
such that the present value of the yield of one unit of capital over 
its life span should equal the price of this unit of capital, when r is 
used as the discount factor, i.e., 


l= \ gerade . 
or 
(2.5) r= &1—e-*). 
This relationship defines the changes in & which are necessary to com- 


pensate for changes in 7 such that the internal rate of return r 


remains constant. 
Inserting the expression for & from (2.5) into (2.4), we obtain the 


relationship between ¢,r and T, 


ye 
(2.6) ae * Bae 





It is convenient to introduce the function 
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(2.7) g(r, T) = i 2 


—e 7? ’ 


and write (2.6) as 
(2.8) g(0, T) = Sg{r, T). 


This is the formal solution to our problem. We can keep r (and §) 
constant and see how durability 7 influences the rate of growth p. 

The relationship (2.8) might be studied graphically, or it might be 
subjected to implicit differentiation. Rather than carry out such stud- 
ies, I shall present a few numerical examples with plausible coefficients. 
These are set out (as percentages) in Table 1. In ail cases the gross 
investment quota is kept at 8 = 1/8, which is an approximation to 
Norwegian conditions. 


TABLE 1 
THE ASYMPTOTIC (PERCENTAGE) RATE OF GROWTH OF GROSS NATIONAL 
PRODUCT FOR DIFFERENT VALUES OF DURABILITY OF CAPITAL EQUIPMENT (7') 
AND THE INTERNAL RATE OF RETURN TO CAPITAL (r). 
(THE GROSS INVESTMENT QUOTA § = 1/3) 








— meal 10 20 30 40 50 100 ea 
10 <0 <0 0.4 1.7 2.3 3.2 3.3 
15 <0 0.5 2.9 4.0 4.5 5.0 5.0 
20 <0 3.3 5.4 6.1 6.4 6.6 6.7 
25 <0 5.7 7.4 8.0 8.2 8.3 8.3 


























In order that growth shall be positive in our model it is necessary 
that 


(2.9) BET = BTg(r, T)>1. 


Cases for which this condition is not fulfilled are simply marked ‘‘<0”’ 
in Table 1. 

As T — o, it is seen that g(r, T)-—-r. In this case 9— Sr, which 
is indicated in the last column in Table 1. Thus, for a fixed gross 
investment quota and a given internal rate of return to capital, the 
asymptotic rate of growth of the national product increases with the 
durability of capital and approaches an upper limit as T — o. 

It is seen from the table that differences in 7, which are not larger 
than one might expect to find when comparing different countries, 
may explain considerable differences in the rates of growth. This 
observation may be useful in connection with international comparisons 
which are carried out in terms of gross concepts. 
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The direction of the effect in this case is fairly obvious from the 
following observation. In the case of short-lived capital, the rate of 
depreciation will be large. A given gross investment quota will then 
imply a small net investment quota. In the case of long-lived capital, 
the same gross investment quota will imply a larger net investment 
quota. The purpose of Table 1 is to illustrate just how strongly this 
will affect the growth rate. 

2b. The net model. Let capital be amortized according to the 
straight line method over its life span TJ, as is usual in national 
accounting. Net investment is then 


(2.10) I(t) = k(t) — Kit), 
and net national product is 


(2.11) R(t) = X(t) — + Kit). 


We now assume net investment to be a fraction @ of net national 
product, i.e., 








(2.12) I(t) = aR(t). 
Our ‘‘net model’’ then consists of equations (2.2-3), together with 
(2.10-12). 

Instead of (2.4) we now obtain the characteristic equation 

we 1-@ — ar 

(2.18) p= (ag +g ja eo"), 
and instead of (2.8) we obtain 
(2.14) g(p, T) = ag(r, T) + ae 


For any given internal rate of return r and net investment quota 
a, this now defines the relationship between the asymptotic growth 
rate @ and the durability of capital T. 

Table 2 gives numerical values for the net model similar to those 
in Table 1 for the gross model. We have chosen a = 0.20, which is 
an approximation to Norwegian conditions. We see that within rele- 
vant ranges the durability of capital has a rather small influence on 
the growth rate in the setting of the model where the net investment 
quota is kept constant. We observe that there exists an optimum T 
with respect to the growth rate for each value of r, and this optimum 
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T is smaller the larger is r. Since the influence of T is small, how- 
ever, this optimum value is not sharply located and is of little practical 
interest. 


TABLE 2 
THE ASYMPTOTIC (PERCENTAGE) RATE OF GROWTH OF NET NATIONAL 
PRODUCT FOR DIFFERENT VALUES OF DURABILITY OF CAPITAL EQUIPMENT (7') 
AND THE INTERNAL RATE OF RETURN TO CAPITAL (r). 
(NET INVESTMENT QUOTA a = 0.20) 








wae als 5 10 20 30 40 50 m1 « 
10 22} 22| 25 | 25 | 26] 26| 26] 2.0 
15 3.3 | 36| 38] 40] 40] 40] 3.7] 3.0 
20 46} 49] 52/1 54] 53] 52] 48] 4.0 
25 5.7 | 621 66| 66 | 64] 63] 5.8 | 5.0 





























3. THE IMMEDIATE EFFECTS OF A CHANGE IN DURABILITY 


The previous section was concerned with the growth rate at which 
the economy will ultimately settle down if r,8 or «, and T are kept 
constant. In the present section we shall consider the following 
problem: Suppose that r, 8 or a, and T have been kept constant for 
some period and that the economy has been growing regularly accord- 
ing to a growth rate o as determined in the previous section. Let 
these particular values of T and pg be denoted by T, and p,. From 
a certain point of time, however, all new capital constructed has a 
durability T, > T,, while r is still the same as before. 

The constancy of r while 7 changes from T, to T, where T, > T7,, 
implies that we have to distinguish between ‘‘new’’ and ‘‘old’’ capital 
in the production function (2.2) and apply a coefficient & = &, for old 
capital and a coefficient & = &, for new capital, where &, < &,. 

As in the previous section we consider in turn the gross model and 
the net model. 

3a. The gross model. Let the point of time for the switch-over 
be t=0. The relative growth rate for the gross national product X 
from t = 0, which we denote by #,, is then 


1 4X) _ XH ge eno, 





(3.1) ?;= 


i 8 


where the derivative is a ‘‘right hand derivative’’. 
We now have 


(3.2) X(0) = &,k(0) — &,k(—T,) . 
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The first term represents the increase in production due to the gross 
investment k(0), which now takes the shape of capital with durability 
T, and productivity £,. The second term represents the loss of produc- 
tion due to scrapping of capital which was produced T, periods earlier 
with productivity &,. 

Since the economy has been growing at a rate , in the relevant 
past, we have 


(3.3) k(— T,) = k(0)e~*? , 
and since we have further that k(0) = 8X(0), we can write (3.2) as 
(3.4) Px = ACE, — Ee") . 


The problem now is to compare P, with ?,. 
The value of p, is determined by (2.4) for JT = 7,. Combining this 
with (3.4), we obtain 


(3.5) Px = Po — BE, — &,) . 


Expressing £, and & in terms of r and 7; or J, by means of (2.5), 
we can write this as 


(3.6) Px =P — Blg(r, T.) — g(r, T,)]. 


Since g(r, T) decreases with T, we have p, < p, for T, > T,. 

Numerical evaluation on the basis of this formula shows that the 
immediate effect of a switch-over from one value of 7 to another 
which is, for instance, 10 years higher is generally not very large. 
It may amount to a fraction of one per cent. For example, with 
8 =1/8, r= 0.15, and a change in T from T,= 20 to 7,= 30, the 
growth rate o drops from 0.5 to 0.3 per cent. With r = 0.20 in the 
same case, 9 drops only from 3.3 to 3.2 per cent. For larger values 
of r and T, the effect of such an increase in T is even smaller. 

3b. The net model. In this case we keep the net investment quota 
@ constant, and we concentrate attention upon the growth rate of 
net national product R. As in (3.1), we denote the growth rate of 
R.immediately after the change in T by (zg, i.e., 


1 dR(t) _ Rit) 





(3.7) 0, = R@® dt Ri ’ for t¢=0. 
We now have 

610) = X10) —- JS ye 
(3.8) R(0) = X(0) T k(0) + Tr. k(—T,), 


where X(0) is given by (3.2). 
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Using (3.3) and equations (2.10-14), we obtain the following expres- 
sion for Pz: 


1 
’ T; — 
ye g(r, T;) T, 


Te +) or, T) - - 


—1 > 





(3.9) Ps = Pr + | ag(r, T,) + : 


The expression g(r, T’) — 1/T increases with T when r > 0. We there- 
fore have @, >, for T,> T,. This means that an increase in the 
durability of capital leads immediately to an increase in the rate of 
growth of net national product when the internal rate of return to 
capital is the same and the net investment quota is kept constant. 
The advantage, from this point of view, of a slower increase in dep- 
reciation more than offsets the drawback of a slower increase in 
gross production. 

This effect can be quite considerable. In the case of a = 0.20 and 
r = 0.15, an increase of T from T,= 10 to T, = 20 will cause p to 
increase from ~, = 3.6 to p, = 5.4 per cent, and an increase of T from 
T, = 20 to T, = 30 will cause p to increase from p, = 3.8 to ~, = 4.5 
per cent. In the case of a=0.20 and r = 0.20, the same changes 
in T will cause 9 to increase from 9, = 4.9 to 7.0 per cent and from 
5.2 to 5.9 per cent, respectively. 


4. CONCLUDING REMARKS 


In Sections 2 and 3 we have obtained conclusions which may be sum- 
marized as follows: Consider first the case of a fixed gross invest- 
ment quota. Comparing alternatives with the same internal rate of 
return to capital, we find that the durability of capital influences the 
asymptotic growth rate of production very considerably, with long 
durabilities corresponding to high growth rates. However, a switch- 
over from investment with a certain durability to investment with 
higher (or lower) durability does not immediately affect the growth 
rate of gross production very much. 

In the case of the net model the conclusions are in a sense reversed. 
The asymptotic growth rate is then not much affected by the durabil- 
ity of capital when the internal rate of return is the same; whereas 
the immediate rate of growth of net national product will be affected 
strongly by a change in the durability of new investment under a 
constant internal rate of return. However, the immediate rate of 
growth of gross national proluct would not be affected more in this 
esse than in the case of the gross model. 
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We might have worked out the solutions more completely, tracing 
out the time paths from a change in the durability until the asymp- 
totic development corresponding to the new durability is approached. 
Such a complete solution is rather cumbersome since it would show 
points of discontinuities for the growth rates, and the solutions must 
be worked out separately for every interval between such points. Also, 
it might not be too interesting, since in real life all investments 
carried out in a certain period do not have the same durability, and 
this would tend to even out the discontinuities and differences between 
the intervals mentioned above. 

The models employed in this paper are seemingly unrealistic since 
they include only capital as a factor of production. However, labor 
input could easily be taken into account in special cases. 

Consider first the case of strict complementarity between labor and 
capital. If we assume real wages to be constant, we could introduce 
a coefficient expressing the labor cost per unit of product. We could 
then reduce & by this coefficient in defining the internal rate of return 
to capital. We would, however, obtain solutions which are formally 
similar to those above. 

Another extreme assumption would be to adopt a production function 
which is linear in capital and labor input. If we assume labor input 
to be determined by exogenous factors, the solutions we have obtained 
above could be considered as components of the complete solution and 
would therefore still deserve interest. 

The third growth factor, viz., technological progress, is more prob- 
lematic. If existing capital equipment embodies the technological 
knowledge reached at the time of its production, the durability of 
capital vill affect the speed with which new technological knowledge 
can be exploited. Our problem would then clearly be more complicated. 
Some theoretical suggestions concerning this aspect are given in my 
paper [4]. The relationship between the durability of capital and the 
exploitation of new techniques is analysed both theoretically and em- 
pirically by W.E.G. Salter [5]. 


University of Oslo, Norway. 
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THE ELASTICITY OF DEMAND FOR IMPORTS WITH CLOSE, 
BUT IMPERFECT SUBSTITUTES* 


By W. M. GorMAN' 
1. INTRODUCTION AND SUMMARY 


A COUNTRY PRODUCES a substitute for the good it imports. Though 
the substitute is not a perfect one, the two goods are considerably 
more closely related to each other on the demand side than either is 
to any third good. The elasticity of substitution between them is @ 
and 100k per cent of their joint market is filled by the substitute, 
which is in fairly elastic supply. It is shown that the compensated 
elasticity of demand for imports is given by 5 = k@, and that, if any- 
thing, this is an overestimate’. The argument in [1] that 6 would be 
high and largely determined by the elasticity of supply of the import 
substitute is thus seen to break down badly when the substitute is an 
imperfect one. The danger that such apparently small specification 
errors may have large effects bedevils all of econometrics, and, indeed, 
of economic theory. 


2. DERIVATION OF APPROXIMATION FORMULAS 


A certain country exports e units of one good (£) in return for m 
of another (M). The latter is not produced locally, but s units of 
quite a close substitute (S) are. The domestic prices of M and S in 
terms of E are p and q, respectively, and the domestic demand for 
them is given by 


(1) m= mp,q,+**+; u), 8=8(P,g,°**; U), 


where u is a utility index’. The supply of the import substitute is 


(2) s=f(q). 
After compensated price changes, 
(3) dm = (6m|6p)dp + (@m/6q)dq , 


* Manuscript received June 18, 1960, revised March 13, 1961. 

1 I am grateful to Professor L. R. Klein for pointing out the importance of this problem 
to me in a comment on [1], to Mr. E. Bennathan, Dr. F. H. Hahn and Professor D. C. 
Rowan for their comments on an earlier draft, and especially to the referee who pointed 
out several slips. 

2 @ approaches ké@ asymptotically from below as the elasticity of supply of the domestic 
substitute tends to infinity. 

8’ We assume the existence of a social indifference map. 
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(4) ds = (0s/Ap)dp + (6s/0q)dq = f'dq. 
Moreover, the Slutsky equation implies that 
(5) Om/dq = 48/Ap . 


Equations (3), (4) and (5) are easily seen to imply that compen- 
sated elasticity of demand for imports, 6 = —pdm/mdp, is given by 


(6) s=r—ne*/(o + €), 
where 
(7) 4 = —pdm(mdp, pe = gim/mdq 


are the elasticities of demand for the import good with respect to its 
own and its substitute’s prices, 


(8) € = —q0s/s0q, a= qf'/s 

are the elasticities of demand and supply of the import substitute, 
and 

(9) n = pm/qs 

measures the importance of M compared with S.* 

Suppose next that M and S are considerably more closely related 
to each other than either is to any third good. Then the budget 
constraint may be written 

pm+qs+ traz,=yY, 


where the z’s are the quantities of the other goods consumed at home; 
the r’s are their prices; and y is income. If p and g change by dp 
and dg the compensating income change is 


(10) dy = mdp + sdq, 

neglecting induced changes in the other prices’; therefore 

(11) (pdm/dp + qds/Op)dp + (pdm/dq + q@s/dq)dq = 0. 

Since dp and dg are arbitrary, (3), (4), (5) and (11) imply that 
(12) m(r — p) = s(np — 8) =0; 

therefore 


* All demand elasticities are computed with u constant. That is, they are compensated 
elasticities. 

’ This seems reasonable because of our assumption that M and S are considerably 
more closely related to each other than either is to any third good. Actually we could 
have taken account of the interactions at this stage without affecting the results. The 
referee has pointed out to me that Hicks [2 (315-17)] and Mosak [4(105-9)] have discussed 
related problems. 
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(13) WH p=Heln. 
Substituting into (6), we find that 
(14) §= M1 + nr/o)". 


Hence 6 S X and approaches it asymptotically as a-—+ «. There is a 
good deal of evidence that demand elasticities tend to be quite low 
even in cases where we would say that close substitutes exist. Some 
cases will be noted below. Thus 5 seems likely to be low. On the 
other hand, I argued in [1] that supply tends to be highly elastic in 
the long run. If this is so in the case of the country which we have 
been discussing, and if the locally produced substitute is an important 
one, so that 7 is not large, n/a will be quite small, and 6=x. The 
elasticity of supply of the locally produced substitute therefore plays 
quite a minor part in determining the elasticity of demand for imports. 

In [1] it was assumed that the substitute was a perfect one, so that 
X= oo, In that case it was found that 














(15) nd=(n+ijet+o, 
8 
15+ Case | 
et I 
10+ 
$+ ‘ 
# “Case 2 Paes 
; 
0 - 10 15 20 6 


Case l: A=o, p=0.5,h=0+1,n=1 
Case 2: A=2, 62 = 20/(0+2), n=1 
FIGURE 1: RELATIONSHIP BETWEEN 6 AND ¢ 
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where #¢ was the elasticity of demand for the import good’. Given 

that o was likely to be large, it was argued that 6 would be large 

too, and would be mainly determined by o. All this is now seen to 

have depended critically on the assumption that the substitute was a 

perfect one. 

The relationship between these two results can most easily be seen 
with the aid of Figure 1, which compares two cases. In one, M and 
S are prefect substitutes, so that \ = o (and # = 0.5, which is quite 
reasonable), while, in the other, they are imperfect substitutes, and 
» =2. Im each case, n = 1 so that the domestic expenditure on the 
import good is the same as that on its substitute. In the second case 
8 approaches \ = 2 asymptotically as o— «, with the result that the 
curve flattens out quite soon. In the first case it approaches \ = 
asymptotically in a sense, but never has to flatten. 

We notice the following points: 

1. In the first case § is much greater. For instance, 6, = 11 and 
8, = 1.67 when o = 10. 

2. In the second case changes in ¢ are much less important. For 
instance, 5, increases by 90 per cent from 11 to 21 when ¢@ in- 
creases from 10 to 20, while 5, changes by only 9 per cent—from 
1.67 to 1.82. 

Much statistical work in this field relates to the elasticities of sub- 
stitution between similar goods manufactured in different countries. 
To bring it to bear on the present problem, we must relate to the 
elasticity of substitution 


in [eel |, 
ae Slog pig Wether prices fixed 


(X + no)dlogp — (e + p)dlogq 
dlogp — dloggq 





between M and S in the home market. 
Now wu is held constant throughout, and income does not change’. 
Hence dy = mdp + sdq = 0 by (10). That is 


(17) ndlogp + dlogg = 0. 


Substituting into (16), we have 


* This is the compensated elasticity, of course. Note, too, that 4= o in this case. 
p» is computed on the assumption that the price of the (perfect) substitute moves in step 
with that of the imports themselves. 

7 Note that the other prices, the r’s, are treated as constant because the demand for 
the corresponding goods is assumed to be little affected. 
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(18) 06 = (\ + née + 2np)/(n + 1). 


Reverting to the assumption that M and S are notably better sub- 
stitutes for each ‘other than either is for any other good, we can sub- 
stitute from (12) and (13) into (18) to find 


(19) » ='kd 

and 

(20) § = kel + (1 — k)e/o}“* 

by (14), where 

(21) k = 1/(n + 1) = qs/(pm + qs) 


measures the importance of the substitute in the total market for it 
and the import good. 


3. SOME EMPIRICAL IMPLICATIONS 


The first thing to notice about these results is that 6 < k@, which 
it approaches asymptotically as go. Sir Donald MacDougall [3] 
has estimated that the elasticity of substitution between British ani 
American exports in third markets is about 3, which is a good deal 
higher than most estimates in this field. For the sake of illustration 
we might reasonably take this value for @°. In Britain at least, k 
must surely be considerably less than one-half, while 6 would be by 
no means a high estimate of o*°. It might be reasonable to take 
{1 + (1 — k)é/o]" = 3/4; if o or k were higher it would be closer to 
one. The estimate 5 = ké is, therefore, reasonably accurate only when 
the import substitute is in rather highly elastic supply or is the main 
source of ‘‘imports and quasi-imports.’’ However, it gives quite a 
good upper limit for 6. Notice that this gives 5 < 1.5 in our case, 
which is really very low. It compares with elasticities of 10 or 20 
which were predicted in [1]. 

The differences are rather dramatic. If we took this extremely 
limited model seriously, their implications would be equally startling. 
The removal of a general tariff at 20 per cent ad valorem would in- 
crease the volume of world trade 13-fold if the elasticity were 15, 


® There is no good reason why the elasticity of substitution between an import and 
its locally produced substitute should be the same as that between the exports of two 
countries in a third market. I personally would tend to expect it to be somewhat lower. 
If so, the main argument would be strengthened. The actual figures are intended only 
for illustration. 

® Unless one were to include distant substitutes in S, which would drive @ down and 
also render the underlying assumptions invalid. 
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by only 30 per cent if it were 1.5. Relatively small price changes would 
right exchange imbalances, at least in the long run, were the elasticity 
high. Unemployment and trade restrictions would be likely if it were 
low. Needless to say, the model is altogether too unrealistic for us 
to draw such conclusions; nevertheless the effects of dropping the 
‘perfect substitute’’ assumption are remarkable, and suggest that we 
should look very closely at such assumptions elsewhere. What, in 
particular, happens to the theory of factor price equalization if we 
drop that assumption? 


University of Birmingham, U.K. 
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From the Preface 


This book was prepared by distinguished experts in the fieid of computers 
for the non-expert who does not intend to become an expert but who wants 
to acquire a general understanding of the problems and solutions which he 
needs to effectively perform the work in his proper field. 

So we address this book to the engineer and scientist, who want to know the 
performance of computers, as well as to the manager, who is mainly con- 
cerned with their economic aspect. j 

The technical development of computing machines is going on at a rapid rate. 
Any detailed description of computer components would therefore become 
obsolete within a few years. The general principles underlying their opera- 
tion will probably remain ed for a longer time. rdingly, this 
eo ees main emphasis on principles and methods rather than on engineer- 
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